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DUALIZABLE ALGEBRAS WITH PARALLELOGRAM TERMS 


KEITH A. KEARNES AND AGNES SZENDREI 

Abstract. We prove that if A is a finite algebra with a parallelogram term that 
satisfies the split centralizer condition, then A is dualizable. This yields yet another 
proof of the dualizability of any finite algebra with a near unanimity term, but 
more importantly proves that every finite module, group or ring in a residually 
small variety is dualizable. 


1. Introduction 

Natural Duality Theory investigates categorical dualities that are mediated by 
hnite algebras. One of the main goals of the theory is to identify those finite algebras 
that can serve as character algebras for a duality. Such algebras are called dualizable. 
Although general criteria for dualizability are known, the problem of identifying the 
hnite algebras satisfying the criteria is still difficult. The broadest natural class 
of algebras where the problem has been solved is the class of hnite algebras A such 
that the prevariety SP(A) has tame congruence-theoretic typeset contained in {3, 4}. 
According to the Big NU Obstacle Theorem from [5] a hnite algebra satisfying this 
assumption is dualizable if and only if it has a near unanimity term operation. 

This paper probes the broader class of hnite algebras A such that the prevari¬ 
ety SP(A) has tame congruence-theoretic typeset contained in {2,3,4}. There is a 
natural analogue of a near unanimity term operation that is likely to be involved in 
this context, called a “parallelogram term operation”. Recently M. Moore [TB] has 
announced an extension of one direction of the Big NU Obstacle Theorem, namely, 
under the assumption that A is hnite and SP(A) has tame congruence-theoretic type¬ 
set contained in {2,3,4}, it is the case that if A is dualizable then it must have a 
parallelogram term operation. Known examples show that an unmodihed converse 
to this statement cannot hold. Thus, we expect that there is some condition e such 
that, if A is hnite and SP(A) has tame congruence-theoretic typeset contained in 
{2,3,4}, then A is dualizable if and only if A has a parallelogram term operation 
and condition e holds. 
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In this paper we produce a candidate for condition e under the additional as¬ 
sumption that A lies in a residually small variety. We call the condition the “split 
centralizer condition”. Specifically, we operate under the global assumptions that A 
is a hnite algebra from a residually small variety and SP(A) has tame congruence- 
theoretic typeset contained in {2,3,4}. We conjecture that, under the global as¬ 
sumptions, A will be dualizable if and only if A has a parallelogram term operation 
and satisfies the split centralizer condition. What we prove in this paper is the “if” 
part of this conjecture. 

Let us reformulate the statement that we prove. It is a fact that a hnite algebra 
with a parallelogram term automatically has the property that SP(A) has tame 
congruence-theoretic typeset contained in {2,3,4}. Thus, our result is that if A is 
hnite, lies in a residually small variety, has a parallelogram term, and satishes the split 
centralizer condition, then A is dualizable. Interestingly, our result is strong enough 
to prove the dualizability of the dualizable algebras in residually small varieties with 
a parallelogram term in all the known cases, and in many new cases, and yet neatly 
avoids an obstacle to dualizability identihed by Idziak in 1994. 

Let us state the split centralizer condition. Let B be a hnite algebra and let Q 
be a quasivariety containing B. A Q-congruence on B is a congruence k of B such 
that B/ K ^ Q. Let (5 be a meet irreducible congruence on B with upper cover 6, 
and let u = [6 : 6) he the centralizer of 6 modulo 6. We will say that the triple 
of congruences (5, 9, u) which arises in this way is split (relative to Q) by a triple 
(a, /9, a) of congruences of B if 

(i) A is a Q-congruence on B, 

(ii) (3 <6, 

(hi) a A (3 = K, 

(iv) a\J (3 = p, and 

(v) a/K is abelian (or equivalently, [a, a] < k). 

Now, if 615 is nonabelian, then u = {6 : 9) = 6, so (5, 9, u) will be split by (a, /3, a) := 
(0,5,0). Therefore splitting is only in question when 9/5 is abelian. Henceforth we 
shall focus only on this case and call a triple (5, 9, v) of congruences on B relevant if 

(a) 5 is completely meet irreducible, 

(b) 9 is the upper cover of 5, 

(c) u = {5 : 9), and 

(d) 9/5 is abelian. 

The split centralizer condition for a hnite algebra A is the condition that, for 
Q ;= SP(A) and for any subalgebra B < A, each relevant triple (5, 0, u) of B is split 
(relative to Q) by some triple {a, (3, a ). The relationships between these congruences 
of B is depicted in Figure 1. 


u={d:e) 

13 <5 
a A P = K 
aM fi = V 
[a, a] < K 


Figure 1. 

It is not hard to show that if a hnite algebra with a parallelogram term satishes 
the split centralizer condition, then it generates a residually small variety (combine 
Corollary 12.21 and Theorem l2.5p . Therefore our main result can be restated as follows. 

Theorem 1.1. //A is a finite algebra with a parallelogram term and A satisfies the 
split centralizer condition, then A is dualizahle. 

Section 2 summarizes preliminaries. Sections 3 through 5 are devoted to proving 
Theorem ll.il In Section 6, we apply Theorem 1 1.1 1 to prove that if V is a variety with 
a parallelogram term in which every hnite subdirectly irreducible algebra is either 
abelian or neutral or almost neutral, then every hnite algebra in V is dualizable 
(Theorem 16.41) . This generalizes the following known results: 

(1) every hnite algebra with a near unanimity term is dualizable [7], 

(2) every paraprimal algebra is dualizable [6], and 

(3) every hnite commutative ring R with unity whose Jacobson radical squares 
to zero is dualizable [3]. 

Theorem 16.41 also implies the new results that 

(4) every hnite module is dualizable, and 

(5) every hnite ring (commutative or not, unital or not) in a residually small 
variety is dualizable. 

We also show how to apply Theorem 11.11 to deduce that every hnite group with 
abelian Sylow subgroups is dualizable ini- This last theorem is not a consequence 
of Theorem 16.41 

2. Preliminaries 

Algebras will be denoted by boldface letters, their universes by the same letters in 
italics. For arbitrary algebras A and B, Ant (A) denotes the automorphism group of 
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A, Con( A) the congruence lattice of A, and Honi(A, B) the set of all homomorphisms 
A —)■ B. The top and bottom elements of Con(A) are denoted 1 and 0, respectively, 
and the identity map on any set A is denoted id^. The variety generated by an algebra 
A is denoted by V(A). We will write B < A to indicate that B is a subalgebra of 
A. By a section of A we mean a quotient of a subalgebra of A. 

Let t) be an equivalence relation on a set A. The ■d-class of an element a G A is 
denoted by a/'d, and the number of equivalence classes of d may be referred to as the 
index oft). We will often write a b instead of (a, b) G t). For B A the restriction 
of d to -B is denoted hj t)B- If B < A and d is a congruence of A, we may write t)-B 
for tts, which is a congruence of B. 

Let d be a congruence of an algebra A, and let B be a subalgebra of A. We say 
that B is saturated with respect to t), or B is a tt-saturated subalgebra of A, if 6 G B 
and b a imply a G B for all a G A. In other words, B is d-saturated if and only if 
its universe is a union of d-classes of A. For arbitrary subalgebra B of A there exists 
a smallest d-saturated subalgebra of A that contains B, which we denote by B['d]; 
the universe of B['d] is B[d] := second isomorphism theorem the 

map B/^b —t B['d]/'dB[i?], b/ttB •—t &/'dB[i?](= b/t)) is an isomorphism, so the indices 
of ^B and dBii?] are equal. 

For every natural number m we will use the notation [m] for the set {1,2,..., m}. 

2.1. The Modular Commutator and Residual Smallness. For the dehnition 
and basic properties of the commutator operation [ , ] on congruence lattices of 
algebras in congruence modular varieties the reader is referred to 110]. To avoid 
confusion, intervals in congruence lattices will be denoted by | , ]. Recall that a 

congruence a G Con (A) of an algebra A is called abelian if [a, a] = 0, and an interval 
1/5,0;] in Con(A) is called abelian if [o, o] < (3, or equivalently, if the congruence 
a/ (3 & Con(A//5) is abelian. For two congruences (3 < a m. Con(A) the centralizer 
of a modulo ( 3 , denoted {(3 : a), is the largest congruence 7 G Con(A) such that 
[d,7] < ( 3 - The center of A is the congruence C := (0 : 1). 

For a cardinal c, a variety V is called residually less than c if every subdirectly irre¬ 
ducible algebra in V has cardinality < c; V is called residually small if it is residually 
less than some cardinal. It is proved in m Theorem 10.14] that for a congruence 
modular variety V to be residually small, it is necessary that the congruence lattice 
of every algebra A G V satisfy the commutator identity 

(Cl) [x Ay,y] = X A[y,y], 

which can also be expressed by the implication x < [y,y] ^ x = [x, y] (see [TOl The¬ 
orem 8.1]). For hnitely generated varieties the converse is also true, as the following 
theorem states. 

Theorem 2.1 (From (TUI Theorem 10.15]). Let A be a finite algebra that generates 
a congruence modular variety V(A). Then the following conditions are eguivalent: 
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(a) V(A) is residually small, 

(b) V(A) is residually < q for some natural number q, 

(c) (Cl) holds in the congruence lattice of every suhalgehra of A. 

If (5, 6, v) is a relevant triple of an algebra B snch that (Cl) holds in Con(B), then 
[9 A u,u] = [9, n] < 6 implies that 9 A [u, n] < 6, and since 9 > 6 and 6 is completely 
meet irreducible, it must be the case that [z/, u] < 6. Conversely, it is not hard to 
show (see the hrst paragraph of the proof of [TOl Theorem 10.14]) that if (Cl) fails 
in Con(B), then there is a failure (with x = a, y = /3) of the following form: 

[a,P]<S <9 <a<[/3, /3] (< /3) 

where <5 is completely meet irreducible and 9 is its upper cover. It follows that [9, 9] < 
[a, (3] < (5, so 9/5 is abelian. Moreover, n := {6 : 9) > (3 since [9,/3] < [a, (3] < 5, 
which implies that [u, u] > [(3, (3] > 9. Consequently, (5, 9, u) is a relevant triple such 
that [p, p] ^ 5. This shows that conditions (a)-(c) in Theorem 12. II are also equivalent 
to the condition 

(d) [p, p] < 5 for every relevant triple {5, 9, p) of a subalgebra of A. 

Corollary 2.2. Let A be a finite algebra that generates a congruence modular variety 
V(A). If A satisfies the split centralizer condition, then (Cl) holds in the congruence 
lattice of every subalgebra of A, so V(A) is residually small. 

Proof. If A satishes the split centralizer condition, and {6, 9, p) is a relevant triple of a 
subalgebra B of A which is split by the triple (a, (3, k), then |5, zz] C |/3, z/J \ |K,a] 
with the last interval abelian, therefore the other two intervals are also abelian. 
This proves that condition (d) holds for A. Our statement now follows from the 
equivalence of (d) to conditions (c) and (b) in Theorem 12.11 □ 

2.2. Compatible Relations, Entailment, and Dualizability. Let A be a set. 

By a relation on A we mean a subset p of A” for some positive integer n, which we 
call the arity of p. For any nonempty subset I of [n], projection onto the coordinates 
in I is the map proj^: -A A^, {ai)i^[n] ^ (a^iG/. 

For any algebra A, an n-ary relation p on A is called a compatible relation of A if p 
is the universe of a subalgebra of A"^ (or equivalently, p is a nonempty subuniverse of 
A"^). The set of all compatible relations of A of arity < n will be denoted by 7^„(A), 
and Ti{A) will stand for the set 1 J^^q 7^„(A) of all compatible relations of A. 

It is straightforward to check that if i? is a set of compatible relations of an algebra 
A, then so is every relation that can be obtained, in hnitely many steps, from relations 
in i? U {=} by the following constructs: 

• nonempty intersection of relations of the same arity, 

• direct product of two relations, 

• permutation of coordinates of a relation, and 

• projection of a relation onto a nonempty subset of its coordinates. 
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The relations that can be obtained in this way are exactly the nonempty relations 
that are dehnable by primitive positive formulas (with =) using the relations in R. 
The relations that can be obtained, in hnitely many steps, from relations in i?U {=} 
by the hrst three types of constructs are exactly the nonempty relations that are 
dehnable by quantiher free primitive positive formulas (with =) using the relations 
in R. 

A critical relation of an algebra A is a compatible relation p of A that is 

(i) completely fl-irreducible in the lattice of subuniverses of A"^ where n is the 
arity of p, and 

(ii) directly indecomposable as a relation, that is, [n] cannot be partitioned into 
two nonempty sets / and J such that p and projj(p) x proj j(p) differ only by 
a permutation of coordinates. 

More informally, a compatible relation of A is critical if it cannot be obtained in a 
nontrivial way from other compatible relations using only the hrst three of the four 
types of constructs above. 

In the theory of natural dualities there is an entailment concept, which we will 
denote by |=d {d stands for ‘duality’). We refer the reader interested in the dehnition 
to Dehnition 4.1 in [21 Chapter 2]. For the purposes of this paper an algebraic 
characterization of |=d, which we state in Theorem 12.31 below, will be sufhcient. We 
need some dehnitions beforehand. 

Let i? be a compatible relation of an algebra A, say B is n-ary, and let B' ;= 
projj(i?) for some nonempty I C [n]. Then the projection map proj^: B —)■ B' 
is a surjective homomorphism between the algebras B (< A"") and B' (< A^) with 
universes B and B’. Following [2], we call proj^: B ^ B' a retractive projection 
if it is a retraction, that is, if there exists a homomorphism p: B' —)■ B such that 
projj o ip = ids/. An important special case is a bijective projection proj^: B —B', 
when the retractive projection is bijective. Accordingly, we say that B' is obtained 
from B by retractive projection (or bijective projection) onto its coordinates in I. 

From now on we will restrict to hnite algebras. The following theorem is a conse¬ 
quence of Theorems 2.2 and 2.6 in [21 Chapter 9]. 

Theorem 2.3 (From [2]). Let A be a finite algebra, and let R C 7^(A). For a 
nonempty relation p on A, we have i? |=d p i/ and only if p can be obtained, in 
finitely many steps, from relations in RU {=} by the following constructs: 

• nonempty intersection of relations of the same arity, 

• product of two relations, 

• permutation of coordinates of a relation, and 

• retractive projection of a relation onto a nonempty subset of its coordinates. 

The four types of constructs in this theorem will be referred to as \=d-constructs. 
Notice that the only difference between the list of |=d-constructs and the earlier list of 
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constructs for compatible relations is that among the |=d-constructs projections are 
restricted to retractive projections. Two immediate consequences are worth mention¬ 
ing: (i) Since every |=d-construct occurs on the earlier list, it follows that if i? C 7^(A) 
and R |=d p, then p G 7^(A). (ii) Since the hrst three constructs on the two lists are 
the same, our earlier remark implies that if i? C TZ{A) and p is a nonempty relation 
on A that is dehnable by a quantiher-free primitive positive formula (with =) using 
relations in R, then R |=d p. 

Observation (i) above allows us to extend |=d to subsets of 7^(A) as follows: for 
R, R' C 7^(A) let R |=d R' mean that i? |=d p for every p G R!. It is easy to check 
that the relation |=d is transitive on subsets of 7^(A), that is, if R,R',R" C ^(A) 
satisfy R |=d R' and R' |=d R", then R |=d R". 

The most powerful general criterion for dualizability is the following theorem of 
Willard and Zadori. 

Theorem 2.4 (See [I9],[20]). Let A he a finite algebra. If TZniA) |=d "^(A) for some 
integer n > 1, then A is dualizable. 

In fact, it is shown in [20] that if TZniA) |=d TZiA) holds for some n > 1, then it 
also holds with the restriction that retractive projections among the |=d-constructs 
are limited to bijective projections. 

2.3. Algebras with Parallelogram Terms. Let m and n be positive integers and 
let k = m + n. The concept of an [m^n)-parallelogram term (or k-parallelogram 
term) for a variety V was introduced in [13] to mean a term P such that the identities 
represented by the rows of the following matrix equation hold in V: 
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Here P is (fc -|- 3)-ary, the rightmost block of variables is a. k x k array, the upper left 
block is m X 3 and the lower left block is n x 3. An (m, n)-parallelogram term (or 
fc-parallelogram term) for an algebra A is dehned to be an (m, n)-parallelogram term 
(or fc-parallelogram term) for the variety V(A) it generates. 

It is easy to see from these dehnitions that a fc-parallelogram term that is inde¬ 
pendent of its last k variables is a Maltsev term, and a /c-parallelogram term that is 
independent of its hrst 3 variables is a k-axy near unanimity term. 
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It was proved in [131 Theorem 3.5] that if m,n,m',n' are positive integers such 
that 'm + n = k = m' + n', then a variety has an (m, ?7,)-parallelogram term if and 
only if it has an (m', n')-parallelogram term; this justihes referring to them as k- 
parallelogram terms. In addition, [T3l Theorem 3.5] also shows that a variety has a 
fc-parallelogram term if and only if it has a term, called a fc-cube term, introduced 
in [H Dehnition 2.4]. It follows from [H Theorem 2.7] that every variety with a k- 
cube term is congruence modular. So, by combining all these results, or by a direct 
argument using [HI Theorem 3.2] we get the following conclusion. 

Theorem 2.5 (See [T].[T3]:[9]h Every variety with a parallelogram term is congruence 
modular. 

Our starting point for the proof of Theorem 11.11 will be the structure theorem in 
[13] (see [T3l Theorems 4.1 and 2.5]) on the critical relations of a hnite algebra with a 
parallelogram term. If C is an n-ary critical relation of A, let C denote the subalgebra 
of A” with universe O, and let Aj := projj(C) for each i G [n]. Furthermore, let 
5i G Con(Aj) {i G [n]) be such that 5 := nr=ilargest product congruence 
of nr=i with the property that C is a (5-saturated subalgebra of Y\a=i Then 
C ;= C/5c is a subdirect product of the algebras Aj := Aj/5j {i G [n]), which we 
call the reduced representation of C. 

The next theorem contains those parts of the structure theorem on critical relations 
that we will need later on; we retain the numbering from [T3l Theorem 2.5]. 

Theorem 2.6 (From [I3]). Let C be an n-ary critical relation of a finite algebra A 
with a k-parallelogram term, and let C be its reduced representation. Ifn>k{> 1), 
then the following hold. 

(1) C — nr=i ® representation of C as a subdirect product of subdirectly 

irreducible algebras Aj. 

(7) If n> 2, then each Aj has abelian monolith jii {i G [n]). 

( 8 ) For the centralizers pi := (0 : pi) of the monoliths pi {£ G [n]), the image of 
the composite map 

n 

C n Ai Ai/pi X Aj/pj 

i=i 

is the graph of an isomorphism for any i,j G [n]. 

Since Aj = Aj/(5j {i G [n]) is subdirectly irreducible, 5j G Con(Aj) is completely 
meet irreducible, and the monolith of Aj is pi = 9i/5i where 6i G Con(Ai) is the 
unique cover of (5j. Furthermore, (0 : /ij) = p* = z/j/(5j where z/j = ((5j : 6*j), and hence 
Aj/pj = Aj/z/j. Thus, with our current terminology of a relevant triple. Theorem 12.61 
(restricted to the case n > 2) can be restated as follows. 
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Corollary 2.7. Let C be an n-ary critical relation of a finite algebra A with a k- 
parallelogram term, and let C be the subalgebra of A” with universe C. If n > 
max(3,/c), then the following hold. 

• C is a subdirect product of the subalgebras A* := projj(C) {i G [n]) of A. 

• If s = e Con(AO) is the largest product congruence of nr=i Ai 

for which C is 6 -saturated, then each 6i {i G [n]) is the first component of a 
relevant triple {5i,6i,ni) o/Aj. 

• The assignment 

iij : Aj/z/j ^ Cijvi I—)■ Cjjvj whenever (ci,..., Cn) G C 

is an isomorphism for any i,j G [n], 

3. Reduction to Abelian Congruences of Bounded Index 

Our main tool for proving Theorem 1 1.1 1 will be Theorem 12.41 If A is a finite algebra 
satisfying the assumptions of Theorem ll.il then Corollary 12.21 and Theorem 12.51 imply 
that (Cl) holds in the congruence lattice of every subalgebra of A. Hence v'/5' is 
abelian for every relevant triple (5', O', u') of a subalgebra A' of A. Therefore, if C is 
an n-ary critical relation of A such that, with the notation of Corollary 12.71 = 0 for 
every i G [n], then i/j is abelian for every i G [n], and hence the product congruence 
n ;= nr=i nr=i restricts to C as an abelian congruence oc- Moreover, by 
the last item in Corollary 12.71 z/c has index < |A|. 

In this situation we can use modules associated to abelian congruences, as explained 
in Sections HHSl to show that C is entailed by compatible relations of bounded arity. 
However, this argument does not work if, instead of an abelian interval |0,z/c], we 
have an abelian interval |5c,i^cl with 6c 0. In the general case when 6c may 
be a nontrivial congruence of C, we will use the assumption that A satisfies the 
split centralizer condition to replace C by another compatible relation B, which is 
not weaker than C with respect to entailment, but has an abelian interval |0,5c] 
corresponding to at the bottom of the congruence lattice, moreover, the 

index of 5c remains bounded by a number independent of n (though might be much 
bigger than the index of vc, which is < |A|). 

The purpose of this section is to construct such a relation B for every critical 
relation C of A. 

Given a finite algebra A, we define several constants associated to A as follows. 

• Let a be the maximum of all |Aut(S/z^)| where S < A and {6,0,u) is a 
relevant triple of S. (a stands for ‘automorphisms’.) 

• Let s be the number of distinct pairs (S, 6) such that S < A and (5, 0, u) is a 
relevant triple of S. (s stands for ‘subdirectly irreducible sections S/d’.) 

• Let i := |A|^^. (i stands for ‘index’; see Theorem 13.II below.) 
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• Let p be the least positive integer with the property that for every subalgebra 
S < A every relevant triple of S is split by a triple (q!,/3,a) such that S/a 
embeds into for some p < p. (p stands for ‘power’.) 

Theorem 3.1. Let A be a finite algebra with a k-parallelogram term such that A 
satisfies the split centralizer condition. For every n > max(3, k) and for every n-ary 
critical relation C of A, there exists a compatible relation B of A which has the 
following two properties: 

(*) There exist 

(I) subalgebras Bj < A^' with Pi < p for each i G [n] such that Bj is isomor¬ 
phic to a section of A, and 

(II) nontrivial abelian congruences ai G Con(Bj) {i G [n]) 
such that 

(III) B is the universe of a subdirect product B of Bi,..., B„, and 

(IV) the product congruence a := nr=i ^fYYi=i restricts to 3 as a con¬ 
gruence 5b of index < i. 

(**) 7^i+p(A) U {B} |=d C. 

Proof. Corollary 12.71 describes the structure of C. Using the notation of Corollarv l2.71 
we hrst dehne two equivalence relations, ~ and on [n] as follows: 

• i^ j iS Ai = Aj and (5*, 9i, of) = (5^, 0^, nfi] 

• i ^ j iS i ^ j and Lij is the identity isomorphism. 

To give an upper bound for the indices of ~ and notice that if i,j G [n] are such 
that Ai = Aj and 5* = (5j, then it follows that (5*, 0*, Vi) = (5j, 6j, z/^), so i ~ j. This 
implies that ~ has at most s classes, that is, ~ has index |[n]/~| < s. The dehnition 
of ~ shows that every class of ~/~ has size < a. Hence ~ has at most as classes, 
that is, ~ has index |[n]/~| < as. 

Our assumption that A satishes the split centralizer condition ensures that for 
each i G [n] the relevant triple {6i,9i,h'i) of Aj (< A) is split by a triple (ai,Pi,Ki). 
These choices could differ coordinate by coordinate, but we can choose a transversal 
T~ for the classes of ~ and redehne the triples in coordinates i ^ T~ to arrange that 
{ai,/3i, Ki) = {aj,/3j, kj) whenever i ^ j {i,j G [n]). 

Let a, (3, 6, and a denote the product congruences nr=i«n nr=iA, nr= 6i, and 
nr=i nr=i have a < a, a < 5 < 5 , and n = a A (3, because Aj < cij, 

i^i ^ (3i ^ hi, and Aj = cij A (3i for all i. By Corollary 12.71 C is (5-saturated, and hence 
also (3- and A-saturated. 

Now let D denote the set of all tuples (di,..., d„) G C such that 
(f) di =aj dj whenever i ^ j. 

Note that f ~ j implies that cij = aj, so and aj are interchangeable in (f). 

Claim 3.2. Let T be a transversal for the classes of For every (ci, ... ,Cn) G C 
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(1) there exists {di,..., dn) G D such that 

($) (di,..., ci„) =/3 (ci,..., Cn) and dt = Ct for all t e T; 

(2) the tuples (rfi,..., dn) G D satisfying (if) are uniquely determined modulo n. 

Proof of Claim fXgl Choose (ci,..., Cn) G C. 

For (1), define dt := Q for t E T. Our aim is to show that 

(3.1) for each t E T and for all i ^ t with i ^ t 

there exist dt E At such that q =/ 3 . d* =at dt. 

This will complete the proof of (1) for the following reason. Let {di,, dn) be a tuple 
obtained in this way. By its construction, (di,... ,dn) will satisfy condition (if). It 
will also satisfy condition (f), because whenever i ~ j, we have at eT with i,j ~ t, 
so di,dj =at dt] since aj = at, we get that dj =q,^. dj. Now, since C is /5-saturated, 
the fact that (:};) holds for (di,..., d„) ensures that (di,..., d„) E C. Hence the fact 
that (t) also holds for (di,..., dn) implies that (di,..., d„) G D. 

To prove fl3.ip . choose t E T and i t with i ^ t. Then i t implies that 
Ai = At, (di = Pt, i^i = nt, and Cj/z/j = Ctjvt. Hence, q Ct. By our assumptions, 
{at, fdt, i^t) splits { 6 t, Ot, vt), so atV(dt = ot and at/nt is an abelian congruence of At/nt. 
Since Atfnt lies in a congruence modular variety, we have that at/nt permutes with 
all congruences of At/Kt (see (TOl Theorem 6.2]). Hence, Ut = at y (dt = (dt o at. 
Thus, the fact that c* Ct holds implies that there exists di E At = At such that 
Cj dj =at Ct = dt. Since (dt = (dt, this dj is the element we wanted to find. 

For (2), assume that (di,..., dn), {d[,..., d'^) G D both satisfy condition (];). We 
want to show that (di,..., dn) =« (d'^,..., d/). Since n = a A (d, this is equivalent 
to showing that (di,..., dn) =a (d'l,..., d'^) and (di,..., dn) =0 {d[,..., d'^). The 
latter follows from the assumption that both tuples satisfy condition (];). To prove 
the former, consider any i E [n], and let f G T be such that i t. Combining the 
second part of condition (];) with condition (f) in the definition of D, we get that 
Ct = dt =ai di, and similarly, q = d( =q,. d', hence di =ai d'. Thus, (di,..., d„) =a 
{d[,..., d'^), completing the proof of (2). o 

Claim 3.3. D is the universe of a subalgebra D o/ C with the following properties: 

(1) D zs a subdirect product of Ai,..., An, 

(2) proj 7 .(D) = proj 2 i(C) for every transversal T for the classes of 

(3) B[(d] = C, and 

(4) D[fi;] = D. 

Proof of Claim ldTR Consider a transversal T for the classes of ~. Then DOC implies 
that proj 2 .(T)) C proj 7 .(C), and Claim 13.21 (1) shows that projj.(T)) D proj 2 .(C'). 
Thus, proj 2 .(T)) = proj 2 .(C). This implies that projj(T)) = projj(C) = At for every 
t eT. Since every element of [n] occurs in some transversal T, we get that projj(Zi)) = 
Ai for all i E [n]. In particular, we see that D ^ 1(1. The definition of D shows that 
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Dec and D is definable by a primitive positive formula, using the compatible 
relations Q!i,...,a!„ and C of A. Hence, D is a. compatible relation of A. These 
arguments prove that D is the universe of a subalgebra D of C satisfying (l)-(2). 

For (3), observe that since D < C and C is /3-saturated, it follows that D[/3] < m 
and C[P] = C. Thus, D[/3] < C. However, we get from Claimill that C C D[I3]. 
Hence, D[/3] = C, as claimed. 

Finally, we prove (4). Clearly, D < D[k]. The reverse inclusion D[k] e D can be 
established as follows: 

D[k] C D[a] n D[I3] = D[a] n C C D, 

where the last inclusion is an immediate consequence of the dehnition of D. This 
completes the proof of Claim I3.31 o 

Claim 3.4. For every transversal T for the classes of 

ID/ddI < |projy(D)| < i. 

Proof of Claim [3^ Let T be a transversal for the classes of From the inequality 
|[n]/~| < as proved earlier we get that |T| < as. Thus, |projj^(D)| < |Apl < = 

i, which establishes the second inequality. 

It follows from the dehnition of D that the kernel of the projection map projj^: D —)■ 
proj 2 ^(D) is contained in a. This implies the hrst inequality in Claim [TH o 

Now we are ready to dehne the algebras Bi,..., B„, B, and the congruences 5, G 
Con(Bj) for which the conclusions (*)-(**) of Theorem 13.11 hold. 

Since each Kj is a Q-congruence of Aj for Q = SP(A), we have that there exist 
subalgebras Bj < A^* withpj < p for each i, and surjective homomorphisms : A* ^ 
Bj with kernels Ki {i G [n]) such that (pi induces an isomorphism Tp^\ A^/Ki —> B*. 
Recall that we chose the splitting triples so that (ccj, /Sj, Ki) = {aj, (3j, Kj) whenever i ^ 
j (and hence A* = Aj). With the same reasoning, we can arrange that the algebras B* 
and the homomorphisms tpi are selected so that Bj = Bj and tpi = tpj whenever i ^ j. 
For every i E [n], dehne G Con(Bj) to be the image of o:* G Con(Aj) under the 
homomorphism ipi, which is the same as the image of ai/Ki G Con(Aj/fi:j) under the 
isomorphism Tpp so 5* is indeed a congruence of Bj. Furthermore, dehne B to be the 
image of D under the product homomorphism tp := nr=i Pi • nr=i nr=i 

Claim 3.5. Conditions (I)-(IV) hold for the algebras Bi,..., B„ and B, and for the 
congruences 5i,...,5ri defined above. Moreover, D is the full inverse image o/B 
under the homomorphism ip. 

Proof of Claim fXdl (I) follows from the choice of the Bj’s. 

(H) holds, because for every i G [n], Sj = Tpffiii/Ki\ where Tpp. Aj/^j — Bj is an 
isomorphism and ai/Ki is a nontrivial abelian congruence of Aj. (The latter follows 
from the fact that (cij, (3i, Ki) splits the relevant triple ((5j, 6*j, z/j) of Aj.) 
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For (III), recall that D is a subdirect product of Ai,..., by Claim 13731 1). and 
the homomorphisms ipt: Ai ^ Bj {i G [u]) are onto. Since ip = it follows 

that B = (p[D] is a subdirect product of Bi,..., B„. 

To verify (IV) notice that if := nr=i • nr=i nr=i ^ surjective homo¬ 

morphism with kernel k = nr=i therefore ip decomposes as shown by the first line 
of the array below: 


(3.2) 


nr=i A. 

nat 

-)■ 

(niiVx A 

nr=i(A./«:.) 

4 

nr=i B. 

a 

HG- 

a/n i-A- 

nr=i 

i-A- 

5 

D 

nat 

D /kd 



B 

«D 

i-A- 

OLTij 



«B 


The leftmost factor of ip is the natural map, the middle factor is the natural isomor¬ 
phism, and the rightmost factor is the isomorphism Tp ;= nr=i^i- Since 5) = </?[«*] 
for every i G [n], ip maps the congruence a = nr=i nr=i congruence 

a = nLi nr=i B., via this factorization, as indicated by the second line of fl3.2p . 
Therefore, combining the two isomorphisms among the factors of ip and restricting 
ip toT) yields that ip (d factors and acts on cid as the third and fourth lines of fl3.2p 
show. Thus, 

D/cid — (D/^d)/ (cid/^d) = B/ctb- 

This implies that the index of 5b in B is |B/5b| = |D/q;d|, which is < i by Claim [3731 
For the last statement of the claim, B = ip[D] implies that ip~^[B] 3 D. Since the 
kernel of ip is k, the equality B = ip[D] also implies that ip~^[B] C D[k]. But we 
know from Claim 13731 that D[k] = D, so the equality ip~^[B] = D we wanted to prove 
follows. o 


Claim 3.6. For every i G [n], Ai, Bi, the (graph of the) homomorphism ipi, and 

/3i o <Pi := {(x, y) e Ai X Bi : X z and y = ipi{z) for some z G Ai} 

are compatible relations of A. Moreover, 

(3.3) {Ai, Bi, ipi, jdiOipi'.ie [n]} U [B] C. 

Proof of Claim 1701 Choose any i G [n]. Since Aj < A and B* < A^% we have 
that Ai G 7^1 (A) and Bi G 7^p.(A). The fact that ipi is a homomorphism Aj —)■ Bj 
implies that its graph is the universe of a subalgebra of A* x Bj < A^+^b Thus, 
ifi G F-i+pi (A). The definition of fdi o ipi shows that /3j o yjj 7 ^ 0 and (3i o ipi is dehnable 
by a primitive positive formula, using the compatible relations Aj, Bi, jdi, ipi G 7^(A), 
therefore fdi o ipi g 7^(A). In fact, fdi o ipi is also the universe of a subalgebra of 
Aj X Bj < so fdiOifi G 7^i_|_p. (A). This proves the first statement of the claim. 
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To prove the second statement, let ns fix a transversal T for the classes of and 
define X to be the set of all tnples 

n n 

(ci, ..., c„, 6 i, ..., G n A X n 

i=l i=\ 

snch that 

• (^ 1 , • • •, i>n) G 5, 

• (cj, bi) G /5j o (^j for all i G [n], and 

• bt = y^t{ct) for all t & T. 

Onr main goal is to show that 

(i) Proj[„](J*«:) = C and 

(ii) the projection map projj^]: X —)■ C is one-to-one, 

because we can deduce fl3.3l) from statements (i)-(ii) as follows. We have X 7 ^ 0 
by (i), and X is definable by a quantifier-free primitive positive formula using the 
relations A*, Bi, B, (pt, and f3iO pi, therefore 

{Ai, Bi, Pi, /3iopi-.iE [n]} U {5} 

Furthermore, by (i) and (ii), C can be obtained from X by bijective projection, which 
is an |=d-construct, so {X} |=d C. Hence (13.31) follows by the transitivity of |=d. 

It remains to prove (i) and (ii). For the inclusion D in (i), let (ci,... ,c„) G C. 
By Claim [221 there exists (di,..., d„) G D such that (di,..., d„) =p (ci ,... ,Cn) and 
dt = Ct for all t E T. Let bi = Pi{di) for each i E [n\. By the definition of B, this 
choice ensures that (fei,..., 6 „) G B. Furthermore, Cj =p^ di and bi = Pi{di) imply 
(q, bi) e (3iO Pi for every i E [n], while dt = Ct and bt = pt{dt) imply bt = (pt{ct) for 
every t eT. Hence, (ci,..., c„, &i,..., 6 „) G X, so (ci,..., c^) G proj[„](X). 

The inclusion C in (i) and the claim in (ii) will follow if we prove the following 
statement: 

for every (ci,..., c^) G proj[„](X) we have that 

- (ci, ...,Cn)eC, and 

- there is a unique tuple ( 61 ,..., bn) such that (ci,..., c„, 61 ,..., 6 „) G X. 
So, let (ci ,... ,Cn) G proj[„](X). Then (ci ,... ,Cn,bi,... ,bn) G X for at least one 
tuple {bi,... ,bn). By the definition of X it must be the case that {bi,... ,bn) G B, 
(cj, bi) E [di o Pi for all i E [n], and bt = Pt{ct) for all t E T. For any t E T, define 
dt := Ct, so Ct dt and bt = pt{dt). For i G [n] \ T, use the definition of fdi o pi 
to get di such that q =^ 3 ^ di and bi = pi{di). Thus, (ci,..., c„) (di,..., d„) and 
(di,...,dn) G p~^[{bi,... ,bn)]. We established in Claim 1331 that D = p~^[B], so 
(di,..., dn) G p~^[{bi,..., bn)] implies that (di,..., dn) G D. Since D C and C is 
/3-saturated, (ci,..., Cn) =/3 (di,..., d„) yields that (ci,..., c^) G C. 

For the uniqueness of ( 61 ,..., bn) observe that our argument in the preceding para¬ 
graph shows the following: if ( 61 ,..., bn) is such that (ci,..., c„, &i,..., 6 „) G X, then 
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there exists (rfi,..., dn) G D with the properties 

{ci, ... ,Cn) ^0 {di, ... ,dn) e ... ,bn)] and q = d* for alH G T. 

So, if {b[,..., b'^) is another tuple with (ci,..., c„, 6']^,..., 6^) G X, then there exists 
(d'^,..., d^) G D such that 

(ci,..., Cn) =/3 (d'l,..., d^) G , fe^)] and q = d^ for all f G T. 

It follows from Claim 131^ 21 that (di,..., dn) =ku {d[, ..., d^). Since kd is the kernel 
of (f we get that 

(6i...., 6„) = .... dn)) = , O) = (6)..... 6).), 

proving the uniqueness of {bi,... ,bn)- o 

Statement (*) of Theorem 13.11 was proved in Claim 13.51 Statement (**) of Theo¬ 
rem 13.11 follows from Claim 13.61 and the fact (established in the proof of Claim 13.6p 
that each one of the relations Ai, fdi o (i g [n]) is a member of TZm{A) for 

some m < 1 -I- p. 

This completes the proof of Theorem 13.11 □ 


4. Abelian Congruences and Modules 

In [TOl Chapter 9] Freese and McKenzie describe how matrix rings of any size can be 
associated to a congruence modular variety V, and then modules over these rings to 
any abelian congruence a of an algebra C in V. They prove in [TOl Theorem 9.9] that 
there is a strong connection between the pair (C, a) and the associated modules, 
namely, if all a-classes are represented in the module, then the interval | 0 ,Q!] in 
Con(C) is isomorphic to the lattice of submodules of the associated module. 

Our goal in this section is to prove an analogous result for subalgebras in place of 
congruences. We will start by recalling the relevant definitions and basic facts from 
pTl Chapter 9], but we will slightly change the notation. 

Throughout this section we will work under the following global assumptions: 

• V is a congruence modular variety, 

• d is a fixed difference term for V, and 

• (9 is a fixed nonempty set of constant symbols not occurring in the language 
of V. 

Recall that every congruence modular variety has a difference term (see [TOl The¬ 
orem 5.5]), which is a ternary term d satisfying the following conditions for every 
algebra C G V and congruence of C; 

(4.1) d^{x,x,y) = y for all x,y & C , and 

(4.2) dP{y,x,x) y for all x,y G C such that x y. 
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In addition, d also satisfies the following condition (see HDl Proposition 5.7]): for 
every term t = t{xi,... ,Xk) and for arbitrary abelian congruence a of an algebra 

C e V, 

(4.3) Uk),t^{vi,Wk)) 

= vi, wi),..., d^{uk, Vk, Wk)) 

whenever Ui,Vi,Wi G C are such that Ui =a Vi =a Wi for all i. 

We will use the set O of new constant symbols to expand the language of V. Terms 
in the expanded language will be called O-terms, and the algebras obtained from the 
members of V by interpreting all constant symbols o & O will be called O-algehras. 
The class of algebras obtained in this way will be denoted by Vo- We will restrict 
the use of the phrases ‘subalgebra’, ‘homomorphism’, and ‘product’ to the algebras 
in V (i.e., to algebras in the original language), and use the phrases ‘C>-subalgebra’, 
‘(T-homomorphism’, and ‘(T-producf for O-algebras. There will be no need for using 
the phrase ‘^-congruence’, because every O-algebra has the same congruence lattice, 
with the same commutator operation, as its reduct to the language of V. 

If we apply Corollary 5.8 (along with Lemma 5.6) from jTU] to (T-algebras in Vo, 
we get the following. 

Lemma 4.1 (From [ID])- 7/a is an abelian congruence of an O-algebra C in Vo, 
then for every o E O, the a-class containing o^ is an abelian group 

Mc(a, o) := [o^/a] -o, o*^) 

with zero element o^ for the operations +o and —o defined by 

u+oV ■= d^{u,o^,v) and —oU:=d^{o^,u,o^) for all u,v E o^/a. 

Furthermore, 

(i) d*^{u, v,w) = u —qV +oW for all u,v,w E o^/a, and 

(ii) the O-term operations of C are linear between the a-classes; more precisely, if 
r{xi, ..., Xk) is an O-term and oi,... ,Ok,o E O are such that r(oi, ... ,0k) = 
o, then 

t(oC/a)x...x(oC/a): Mc(a, Oi) X • • ■ X Mc(a, Ok) -E Mc(a, o) 

is a group homomorphism. Conseguently, for the unary O-terms ri{x) := 
r{oi,... ,Oi_i,x,Oi+i,... ,0k) {I < i < k) the maps rf^ Mc(a,Oi) 

Me {a, o) are also group homomorphisms, and 

(4.4) r^{ui, ...,Uk)= rf{ui) -Vo - ho i’^(Mfc) 

for all Ui E of /a (i = 1,... ,k). 

In Section 5 the following straightforward consequence of Lemma I4.1f ii will be 
useful. 
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Corollary 4.2. Under the same assumptions as in Lemma \4U\ if e is an integer that 
is a multiple of the exponent of the group Me (a, o), then 


(4.5) d (yd (y. . . d (yd (itl, lle+l) ^ 2)1 He+l) 713 ) . . . ), Mg+l, Ite) Til o ' ' ' o Tie+1 

for all Ui,..., tie+i G o^/a. 

Proof. By Lemma 14.11 1') the left hand side of fl4.5p equals Ui +„ U 2 +0 113 +0 • • • +0 
Ue —o (e — l)tie+i, which equals the right hand side of fl4.5l) . because e is a multiple 
of the exponent of the group Mc(«, o). □ 

Next we dehne the matrix ring R(V, O) of the variety V (where the size of the 
matrices is \0\). Let F be the free algebra in V with free generating set {x} U O. 
In other words, F is the algebra of all O-terms of Vo in one variable x (modulo the 
identities of Vo)- For each o G O, let Eg denote the unique endomorphism of F that 
maps x to o and hxes all elements of O; that is, Eg maps every O-term r = r{x) to 
r(o). Furthermore, let ■jg := [0o,9o] where 9g := ker(eo)- Now for any 0 , 0 ' G O, let 

Hg,g' := {r/'yg i u = r{x) G F, r(o) = 0'}. 

Then each iLo,o' has a natural abelian group structure with zero element o'/yo and 
addition and inversion dehned by 

rho + s/'^g\= d{r,o',s)/'^g and 

-{fho) ■= d{o', r, o')/7o for all r/y^, s/y^ G iLo,o'- 

Moreover, composition of O-terms yields a multiplication that is dehned by 

(t/'lo'){r/'yg) := t{r{x))/jg for all t/'jo' G iLo'.o" and r/jg G Hg^g>. 

It can be also shown that multiplication distributes over addition. Thus, the 0x0 
matrices (rugi^g) with the properties that 

• the entry mg'^g in position (o', o) (i.e., row o', column o) satishes the condition 
mgi^g G Hg g! for cvcry o, o' G O, and 

• each column contains only hnitely many nonzero entries 

form a ring for the ordinary matrix operations. This is the matrix ring R(V, O) 
associated to V. 

The proofs of all claims made throughout the dehnition above and the lemma below 
can be found at the beginning of Chapter 9 (before Theorem 9.4) in [TO] . 

Lemma 4.3 (From [lO]). If a is an abelian congruence of an O-algebra C in Vo, 
then the direct sum 

Mc(a, O) ;= ^^Mc(a,o) 

oGO 

“ {(®o)oGC> G n Me {a, o) : Og = o^ for all but finitely many o's} 

oGO 
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of the abelian groups Me (a, o) (o G O) is an R(V, 0)-module for the ordinary matrix- 
vector multiplication if multiplication for the entries is defined as follows: for a G 
Mc(a, o) and rUo/^o = r/jo G Ho,o' {with r = r{x) G F, r(o) = o'), 

(4.6) mo>,oa = (r/ 7 o)a := r^{a). 

Now we are ready to state our first theorem which, for every pair (C, a) consisting 
of an (9-algebra C in Vo and an abelian congruence a of C, relates the subalgebras 
of C to the submodules of the associated R(V, C>)-module yic{a,0). Recall our 
convention that the restriction of a to any subalgebra U (subset U) of C is denoted 
by a\j {an, respectively). 

Theorem 4.4. Let a he an abelian congruence of an O-algebra C in Vo such that 
the constants o^ {o G O) represent all a-classes of C, and let E := (O^) be the least 
O-subalgebra o/C. 

(1) IfU is an O-subalgebra ofC, then Mu(au)C^) is an Il{V,0)-submodule of 

Me {a,0) that contains ME(aE,C^) o,s a submodule. 

(2) The following conditions on any subset U of C are eguivalent: 

(a) U is the universe of a subalgehra of C that contains E; 

(b) U is the universe of an O-subalgehra of C; 

(c) U is closed under all functions t^{xi,... ,Xk) r(op/a)x...x(o^/a) where t is 
an O-term and oi,... ,0k G O; 

(d) the set 

^^{o^/au) := {{uo)oeo ^ ]^(o*"/«! 7 ) ■ Uo = o^ for all but finitely many o’s} 

o£0 o&O 

is the universe of an Il{V, O)-submodule of Mc(a,0) that contains 
ME(aE, O). 

(3) IfU is the universe of an O-subalgebra U of C, then the H{V,0)-submodule 

o/Mc(a,C>) described in (d) is yi\j{a\j,0). 

Proof. For (1), assume that U is an O-subalgebra of C; in particular, o^ = o^ for 
all o G O. Then a\j is an abelian congruence of U, and the universe of Mu(«u 5 O) 
is a subset of the universe of Me (a, O). The dehnition of the modules Mu(au) C>) 
and Me (a, O) shows that they have the same zero element (o’^)ogc> = {o^)o€ 0 , fhe 
group operations in the two modules are determined, in each coordinate, by the 
same O-terms d{x, o, y), d{o, x, o) (see Lemma 144]) . and for every matrix in R(V, O), 
multiplication for the entries in the two modules are determined by the same O-terms 
(see Lemma |4]3]). Since U is an O-subalgebra of C, this implies that Mu(au, O) is 
an R(V, 0)-submodule of Me (a, O). 

E is an O-subalgebra of U, therefore we can repeat the argument in the preceding 
paragraph for U and E (in place of C and U) to conclude that yi-E,{a-E,0) is an 
R(V, 0)-submodule of Mu(au) C>). 
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To verify (2) and (3), we will prove the equivalence of the hrst three conditions in 

(2) by showing that (a) (b) and (b) yy (c). To establish that the fourth condition 

is also equivalent to them we will prove that (b) (d) and (d) ^ (c). Statement 

(3) will be verihed along with the proof of the implication (b) ^ (d). 

If U is the universe of a subalgebra U of C containing E = ((T*"), then we can 
dehne \= for every o G (T to make U an O-subalgebra of C. This proves (a) 
^ (b). The converse is a tautology, so (a) yy (b) is proved. 

U is the universe of an (T-subalgebra of C if and only if U is closed under all 
functions induced by C>-terms t. Since our assumption is that the constants 
(o G O) represent all a-classes of C, it follows that for every O-term f, U is closed 
under the term function if and only if it is closed under all its restrictions described 
in (c). This proves (b) yy (c). 

Now assume that U is the universe of an (9-subalgebra U of C; in particular, 
for all o G (9. Then au = au is an abelian congruence of U. The dehnition 
of the R(V, (9)-module Mu(au5 O) shows that its universe is exactly 0ogc)(o^/Q!c/)- 
Therefore statement (1) proves that l^u) is indeed the underlying set of an 

R(V, (9)-submodule of Mc(a, (9) that contains ME(aE, O) as a submodule, namely 
Mu(au, O). This hnishes the proof of both (b) ^ (d) and (3). 

Finally, we want to argue that (d) ^ (c). We will start by proving a claim which 
is independent of U. 

Claim 4.5. Let C and a he as in the theorem. For arbitrary O-term t = t{xi ,..., Xk) 
and eonstant symbols oi,... ,Ok E O, 

(1) t^{o ^,..., o^) G o^/a for some o E O, and 

(2) for every such o E O there exist mi = rj/yo^ G H^. o {with = rj(x) G F, 
'ri{oi) = o) for i = 1 ,..., fc such that 


( 4 . 7 ) t'^iui, ...,Uk)= miUi +o -ho rUkUk +« • • •, o^) 


for all {ui,... ,Uk) G (of/a) x • • • x {o^/a). 


Proof of Claim \4^ To simplify notation, let x ;= (xi,..., Xk) and b := (oi,..., Ok). 

(1) holds, because our assumption that the constants o^ (o G O) represent all 
a-classes of C implies that the element t^{o^) of C is in o^/a for some o E O. 

To prove (2) let us £x such an o G (9 for the rest of the argument. Since t = t{x) 
is an (9-term, so is 


(4.8) r{x) := d{t{x),t{o),o). 

As in Lemma imf iih consider the unary (9-terms rj(x) := r{oi, ..., Oj_i, x, Oj+i, ... ,0k) 
for each i {1 < i < k). Since d satisfies the identity d{x,x,y) = y (see fl4.ip h we 
get that r(b) = o, and hence rj(oi) = o for every i {1 < i < k). This shows that r 
satishes the assumptions of Lemma imT iih and m, := Vij^oi is a member of Hoi,o for 
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every i [1 < i <k). Thus, first using equality fl4.4p from Lemma l4.1f iii. and then 
equality fl4.6p from Lemma 14.31 we obtain that 

(4.9) .. ,Mfc) = rf(Mi) +„-hoT^(Mfc) = raiUi +«- \-omkUk 

for all {ui ,..., Uk) G (of /a) x • • • x (of /a). 

On the other hand, since ... ,Uk) G o^/a for all {ui,... ,Uk) G (of/a) x 

• • • X (o^/a) (cf. Lemma ITTT iii). we can apply hrst fl4.8p . and then the equality in 
Lemma 14. If if to get that 

r^{ui, ...,Uk) = ... ,Uk),t^(o^),o^) = ... ,Uk) -ot^{o^) 

for all {ui ,..., Uk) G (of /a) x • • • x (of /a). 

The last displayed equality shows that by adding ^*"( 0 *") to both sides of fl4.9p in the 
group Me (a, o) we get the equality fl4.7p we wanted to prove. o 

To prove the implication (d) ^ (c), assume that (d) holds for U, that is, the 
subset Su ■= 0oGo(o‘^/«f/) of Me (a, O) is the universe of an R(V, 0)-submodule 
of Me(a, O), and contains all elements of ME(aE, O). In particular, the zero element 
(o^)oGO of Me (a, O) belongs to Su, which implies that C U. 

Let t = t{xi ,..., Xk) be an arbitrary (T-term, and let Oi,..., o^ G C>. We want to 
show that U is closed under the function t^{xi,, Xk) ((oC/a)x---x(o® /a)- f^y Claim ITS) 

there exist o G O and m* = Ti/jo. G Tfoi,o (with = ri(x) G F, rj(oj) = o) 
for z = l,...,k such that ..., o^) G o^/a and fl4.7p holds. Let us £x an 

arbitrary tuple (ui,..., Uk) G (of/a) x ••• x (of/a) that belongs to U; that is, 
(mi, ..., Uk) G (of/ajy) X • • • X {o^/au). Furthermore, let a := t^(of,..., of). We 
will be done if we show that the element 

b := t^{ui, ...,Uk)= miUi +„-ho rUkUk +0 a 

belongs to U. 

Note that b = t^{ui,..., Uk) =a ..., of) = a, therefore a G o^/a implies 

that b G o^/a. Moreover, since a = t^(of,..., of) is an element of the least O- 
subalgebra E of C (in which o^ = o*"), we get from a G /a that a G o^/oe- 
Now, for each z (1 < z < /c), let fhj denote the 0x0 matrix which has mj in 
position (o, Oj) and zeros (i.e., d 'in all other positions (o",o'), and let zzj denote 
the O-tuple which has zz* in its Oj-th position and zeros (i.e., o'^) in all other positions 
d G O. Furthermore, let d and b denote the O-tuples which have a and b, respectively, 
in their o-th positions, and zeros in all other positions. Since rrii G Ffoi,o for every z 
(1 < z < fc), the dehnition of R(V, O) shows that fhi,..., irik G R(V, O). Since Ui G 
o^/au for every z (1 < z < fc) and O^ C U, we get that ui,... ,Uk E Su Me (a, O). 
Similarly, a G o^/cie implies that d G ME(aE,0). Therefore, our assumption that 
Su contains the elements of ME(aE, C>) yields that a G S'f/ C Mc(a,0). Finally, 
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we have h G Me (a, C>), because b G o^/a. Since b = rriiUi +o • • • +o rn^Uk +o cl, 
the construction of the tuples Ui, a, b and the matrices rhi makes sure that the 
equality b = fhiUi + • • • + fhkUk + a holds in the R(V, C>)-module Me (a, O). Since 
Ml,..., Mfc, a G Su and, by our assumption, Su is closed under the R(V, C>)-module 
operations of Me(a, O), we get that b G Su- Hence, b G /au C U. This completes 
the proof of (d) (c), and also the proof of Theorem 14.41 □ 

Our second theorem is the analog of Theorem 9.9 in [10] mentioned at the beginning 
of this section. Given a pair (C, a) consisting of an O-algebra in Vo and an abelian 
congruence a of C, the theorem establishes an isomorphism between the lattice of O- 
subalgebras of C and an interval in the submodule lattice of the associated R(V, O)- 
module Me (a, O), provided all a-classes are represented in the module. 

Theorem 4.6. Let C be an O-algebra in Vo, CLnd let E := {O^) be its least O- 
subalgebra. If a is an abelian congruence of C such that the constants o^ (o G O) 
represent all a-classes of C, then the mapping 

(4.10) U^Mu(au,0) 

is an isomorphism between the lattice of all O-subalgebras of C and the lattice of all 
li(y,0)-submodules o/Mc(a, C>) that contain ME(aE,C>). 

Proof. It follows from Theorem H.df li that for every (9-subalgebra U of C, Mu(«U) C>) 
is an R(V, (9)-submodule of Mc(q!, (9) that contains Me(q;e, (9). Let U and V 
be arbitrary (9-subalgebras of C. If U < V, then for every o G (9, the congru¬ 
ence class o^/ou = in U is contained in the corresponding congruence class 

o^/ov = o^/av of V. This implies that Mu(au 5 C>) < Mv(av, showing that 
the map fl4.10p is order-preserving. Now suppose that U ^ V. The assumption 
that the interpretations of the constant symbols o G (9 represent all a-classes of 
C, implies the existence of o^ = o^ = o^ such that o^/au 2 o^ /a^. Thus, 
Mu(au,(9) ^ Mv(av,(9). This shows that the map fl4.10p preserves and reflects 
<; hence, in particular, it is one-to-one. 

The surjectivity of the map fl4.10p is proved by the next claim. 

Claim 4.7. Let C, E, and a be as in Theorem \4.b\ //N is an R(V,(9) -submodule 
o/Mc(a,(9) that contains ME(aE,(9), then 

(1) as an abelian group, N = Nq where for every o G O, Nq is the subgroup 

o/Mc(a,o) that consists of the o-components of all tuples in N; 

(2) No = No' whenever o^/a = o'^/a (o, o' G (9); 

(3) the union U := IJogO-^o universes of the groups N^, is the universe of 

an O-subalgebra U of C, and N = Mu(au, (9). 


Proof of Claim 4-1 For (1) notice hrst that since the group operations in Me (a,0) 


are performed coordinatewise, it follows immediately from the dehnition of the N^’s 
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that No is a subgroup of Mc(a,o) (in particular, G No) for each o G (9, and 
^ — ©ogo 

To prove that equality holds, consider an arbitrary element (ao)oGO ^ ©ogo 
M e (a, 0)y Then (i) Oo G Ng for every o & O, and (ii) Oo = for all but hnitely 
many o’s. Condition (i) implies that for every o E O there exists a tuple ao E N such 
that the o-th coordinate of Uo is Oq. Let Co be the matrix in R(V, O) which has x /70 
in position ( 0 , 0 ), and zeros (that is, o"j^o'^ in all other positions (o",o'). Since N is 
an R(V, Ci)-submodule of Me (a, (T), each tuple CqUo is an element of N. It follows 
from the construction of Cq that the tuple ejio has Oo in the o-th coordinate and zeros 
elsewhere. By condition (ii), only hnitely many of the tuples eJXo (o G O) is not the 
zero element of N, therefore their sum in Mc(a, O), and hence also in N, is (ao)oeo- 
Thus (ao)oGO ^ N) which hnishes the proof that N = ©^g^ Nq. 

To prove (2) assume that 0,0' E O are such that o^/a = o'^/a. Since 
and o'^ = o'^, we also have that o^/de = o'^/oe- Therefore our assumption that N 
is an R(V, Ci)-submodule of Mc(a, O) that contains ME(aE, O) implies that 

o^/oe = o'^/oe ^ No n No' ^ No U No' C o^/a = ja. 

In particular, we have that o^, o'^ E No^ No', or equivalently, o^, o'^ E No D No'. 

For any element a E No let a denote the O-tuple which has a in its o-th position, 
and zeros in all other positions (i.e., o"^ in the o"-th position for o" 7 ^ o). It follows 
from statement (1) that a G N for all a E No- Now let r denote the 0 x 0 matrix 
which has d{x, o, o')/jo in position (o', o) and zeros (i.e., d"jlo"^ in all other positions 
(o'",o"). Since d{o,o,o') = o', we have that d{x,o,o')/jo ^ Ro,o', and hence r G 
R(V, O). As N is an R(V, Ci)-submodule of Me (a, O), we get that ra G N for all 
a E No- Thus the o'-th component of rd is in No'] that is, 

(4.11) d^{a,d^,d^) = (d{x,o,d)/'^y)a E No' for all a E No- 

By Lemma ITTT i). dP{u,d",d^) = u +0 o'^ holds in Mc(a,o) for all u E o^ja. 
Therefore fid.lip can be restated as follows: the image of No under the translation 
u i-A u+oO'^ is contained in No'. Because of o'^ G No this translation is a bijection of 
the abelian group Nq onto itself, so we get that No C No'. A similar argument, with 
the roles of o and o' switched, shows that No' C No also holds, and hence hnishes the 
proof of statement ( 2 ). 

Finally, to establish (3), recall that U := UogoS ince (o'" e)No C o‘"/a(C C) 
for every o G O, we get that U C and that the sets No and No' are disjoint whenever 
o*^ d^. By statement (2), No = No' whenever =« o'^. Therefore {No : o E O} 

is the partition of U corresponding to the equivalence relation au. It follows now 
from statement (1) that the universe of N is the set ^o&o^o = 

Hence, the equivalence of conditions (d) and (b) in Theorem I4.4f 2l implies that U 
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is the universe of an O-subalgebra U of C. Moreover, by Theorem I4.4f 3). we have 
that N = Mu(au) C>). This finishes the proof of Claim ITTl o 

The proof of Theorem 14.61 is complete. □ 

We conclude this section by an auxiliary result concerning the modules associ¬ 
ated to a-saturated subalgebras of direct products where a is an abelian product 
congruence. 

Lemma 4.8. Let C be an O-suhalgehra of an O-product nr=i B. of O-algebras 
Bi,..., in Vo, and let a = 11^=1 product congruence of nr=i B. where 

for each i, ai is an abelian congruence o/Bj. If C is a-saturated in nr=i B. then 

(1) ac is an abelian congruence of C and o^/ac = 11^=1 holds for all 

o G O; moreover, 

(2) the'R.{V,0)-modules yic{ac,0) and Mb .{ai, O) are naturally isomor¬ 
phic via the map defined by 

n 

Mc(ac,0)^nMB.(a*,0) 

(4.12) 

(®o)oGO ((®o1 ) • • • ) ^ t ((nol)oGO) • • • ) (®on)oGo) 

for all Qo = (ooi,.. .,aon) e o^/ac = nr=i(o®V«i) (o e O). 

Proof. First we prove (1). Since each is an abelian congruence of Bj, their product, 
a, is an abelian congruence of nr=i B. and hence ac is an abelian congruence of 
C. Therefore the module Mc(ac,C^) exists. By our assumption, nr=i Bi is an 
(9-product and C is an (9-subalgebra of IliLi Bi, so o^ = (o®b ..., o®") for every 
o G (9. This implies that o^/ac ^ I^i) every o G (9. In fact, = holds 

here, because C is a-saturated in nr=i B. 

Now we prove (2). It follows from the equalities in (1) that the elements of 
Mc(ac, O) are exactly the tuples (ao)oGO such that (i) Oo G o^/ac = nr=i(®^V®*)) 
that is, Oo = (ooi,..., Oon) with G o^^/ai for every o and i, and (ii) Oo = o^ = 
(o^b • • • ,0^'") for all but finitely many o’s. The image of each such tuple (ao)oGC> 
under the map fl4.12p clearly belongs to the module YY/^.^yi■B^{ai,0). The map 
(I4.12P just regroups coordinates, so it is one-to-one. To see that it is also onto, let 
((^oi)oGC), • • • , {bon)o£0 ) e nr=i MBi(ai, (9). Then, for every i, we have that (i)' boi G 
o^'/ai for all o & O, and (ii)' boi = o®' for all but hnitely many o’s. Therefore the 
tuples bo := {boi, ■ ■ ■, bon) satisfy the conditions that (i) bo G nr=i (o^7«i) = o^/ac 
for all o & O, and (ii) bo = (o^b • • •, = o^ for all but finitely many o’s. Hence 

{bo)oeo e Mc(ac , 0), and ((^Ooeo, • • •, {bon)oeo) is its image under the map (I4.12p . 
This proves that fl4.12p is a bijection. 

To see that (I4.12p is a group isomorphism, recall from Lemma 14.31 that in each 
one of the modules Mc(ac, O) and MBi(aj, O) (1 < i < n), -|- is dehned to be the 
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coordinatewise operation that is +„ in coordinate o for each o E O. Therefore, in the 
module nr=iMB ^{ai, O), + is the coordinatewise operation that is the operation +o 
on jai (C Bj) in coordinate (o, i). In the module Mc(ac, O), the operation +o on 
o'^/ac = nr=i(o®“ /(Tj) also acts coordinatewise, because +o is an (9-term and C is 
an O-subalgebra of nr=i B. Therefore, in Mc(ac, O), too, -|- is the coordinatewise 
operation that is the operation +o on o^^/ai (C Bj) in coordinate {o,i). This shows 
that fl4.12p is a group isomorphism. 

Finally, we will argue that fl4.12p is an R(V, (9)-module isomorphism. Recall again 
from Lemma 14.31 and the discussion preceding it that R(V, O) is a ring of matrices, 
and multiplication by elements of R(V, (9) in each one of the modules Mc(«C;C^) 
and MBj(aj, O) {1 < i < n) is dehned by matrix multiplication. Furthermore, in the 
module nr=iMB .{ai,0), multiplication by ring elements is performed coordinate- 
wise. Therefore we will be done if we show that 

(*) multiplication by ring elements acts coordinatewise on the components Oq = 
(ooi,..., tton) of the elements {ao)oeo of Mc(ac, O). 

Since fl4.12p is a group isomorphism, it suffices to prove (*) for the multiplication 
of entries. Following the dehnition of multiplication of entries in Lemma 14.31 let 
’R- 0',0 = i’/To £ Ho^o' (where r = r(x) G F and r(o) = o'), and let Oo = (Ooi,..., aon) G 
o^/c^c = nr=i(*^^V®j)- By dehnition, mo'^oO^o = T^(ao). Since r is an O-term and 
C is an O-subalgebra of nr=iBi, we get that r^{ao) = (T®‘(aoi))”_^ = {'rng' 

This proves that multiplication by mo\o acts coordinatewise on Oq, and hence hnishes 
the proof of the lemma. □ 

The isomorphism 04.121) shows that under the assumptions of Lemma 14.81 the only 
difference between the modules Mc(ac,(9) and nr=i is how we group 

their coordinates. Therefore we may identify Mc(ac,(9) and via 

the isomorphism 04.121) . and view the submodules of Mc(ac,(9) as submodules of 
the direct product MBi(Q!j, (9). 

5. Proof of Theorem 11.11 

Throughout this section A will be a hnite algebra with a /c-parallelogram term, 
and V the variety generated by A. Our goal is to combine the results of Sections [3] 
and m to prove that if A satishes the split centralizer condition, then A is dualizable. 
In view of Theorem 12.41 we will be done if we can show that there exists a constant 
c, depending only on A, such that 

(5.1) 7^c(A) hd7^(A). 

Recall that 7^(A) stands for the set of all (hnitary) compatible relations of A, and 
for every positive integer n, 7?.„(A) denotes the set of all compatible relations of A 
of arity < n. The relation |=d is described in Theorem 12.31 
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In addition to the natnral nnmbers a, s, i, and p introdnced in Section [3l we 
will need a few other parameters related to A, which we introduce now. The list 
includes the constant c that we will use in the proof of fl5.ll) . Before dehning the new 
parameters, let us £x a set O of constant symbols not occurring in the language of V 
such that \0\ = i. Furthermore, let Mod(A, p) denote the set of all R(V, C>)-modules 
Mt (a, O) where T is a subalgebra of A^ for some 1 < p < p that is isomorphic to 
a section of A, a is a nontrivial abelian congruence of T, and T is made into an 
(9-algebra by interpreting the new constant symbols o G O in T in such a way that 
the elements 6^ (o G O) represent every a-class. 

• For every R(V, C>)-module Q, let 

hq ;= ^{| Hom(M, Q)| ; M G Mod(A, p)}, 

and let h be the maximum of the numbers hq as Q runs over all subdirectly 
irreducible R(V, (9)-modules. (h stands for ‘homomorphisms’.) 

• Let e be the least common multiple of the exponents of the additive groups 
of all modules M G Mod(A, p). (e stands for ‘exponent’.) 

• Let Co := max(l -|- p, A; — 1), and let c := max(co, ph(e -|- 1)). (c stands for 
‘constant’.) 

Note that the ring R(V, O) is finite, because it consists of O xO matrices where each 
entry is determined by an element of the free algebra F in V with free generating 
set {x} U O, and F is finite, since V is generated by A (a finite algebra). The set 
Mod(A, p) is also finite, since A, p, and O are finite. It follows from the main result 
of [ 12 ] that IQI < |R(V, 0)1 holds for every subdirectly irreducible R(V, 0)-module 
Q. Therefore there are only finitely many subdirectly irreducible R(V, 0)-modules, 
up to isomorphism, and all are finite, so h is a natural number. The finiteness of 
Mod(A, p) implies also that e is a natural number, and hence so are Cq and c. 

Remarks 5.1. (a) The definition of Mod(A, p) shows that Mod(A, p) 7 ^ 0 if and 
only if some power A^ of A with 1 < p < p has a subalgebra that is isomorphic to a 
section of A with a nontrivial abelian congruence. 

(b) If Mod(A, p) = 0, then p = 1, e = 1, h = 0, and c = Cq = max(2, k — 1), 
while if Mod(A, p) 0, then p > 1, e > 2, and h > |Mod(A, p)| > 1, because the 
summands in the definition of hq satisfy | Hom(M, Q)| > 1 for all M G Mod(A, p) 
and all R(V, 0)-modules Q. 

(c) In particular, for the trivial R(V, 0)-moduIe Qo we have hq^ = |Mod(A, p)|, 
therefore the inequality in (b) implies that h > hq^. 

We start the proof of Theorem 1 1.1 1 bv considering compatible relations R of A that 
are constructed in Theorem 13.11 We will use the same notation for these relations 
as in Theorem 13.11 except that the ~’s from the notation of the congruences 5* will 
be omitted. So, the set of relations we will consider, and will denote by 7^*(A), 








26 


KEITH A. KEARNES AND AgNES SZENDREI 


consists of all compatible relations i? of A that satisfy the following condition (*) 
from Theorem 13.11 for some n\ 

(*) There exist 

(I) subalgebras Bj < with p* < p for each i G [n] such that B* is 
isomorphic to a section of A, and 

(II) nontrivial abelian congruences G Con(Bj) {i G [n]) 
such that 

(III) B is the universe of a subdirect product B of Bi,..., B„, and 

(IV) the product congruence a := nr=i nr=i B. restricts to B as a 

congruence db of index < i. 

We will refer to n as the *-arity of B. Since B < nr=i B. < nr= A^b the arity of 
B, as a compatible relation of A, is Y^^=iPi- 

Lemma 5.2. Let B G TZ*{A) be a compatible relation of A of *-arity n, and let Bj, 
ai, B, and a be as in (*). If n > h(e + 1) and B zs a O-irreducible subalgebra of its 
a-saturation B[a] in nr=i B. then there exist 

(1) a compatible relation B' G IZ*{A) of A of *-arity <n — e and 

(2) subalgebras D < B®"''^ and D' < B- for some i G [n] 
such that 

(3) {B,,...,Bn,B',D,D'} |=d5. 

Proof. Let B satisfy the hypotheses of the lemma, including the assumptions that n > 
h(e+l) and B is a Pl-irreducible subalgebra of B[«]. Since A has a parallelogram term, 
we know from Theorem 12.51 that the variety V it generates is congruence modular. 
As in Section m we expand the language of V by O. 

Let us £x interpretations o® for each o G (9 in B in such a way that the elements 
o® (o G O) represent all ciB-classes of B; this is possible, since one of our assump¬ 
tions is that db has index < i. So, B becomes an (9-algebra in Vo- Now we fix 
interpretations o®* for every constant symbol o G (9 in each Bj [i G [n]) such that 
o® = (o®b • • • Thus, each Bj will become an (9-algebra in Vo- (Note that 

Bj and B^ might become different (9-algebras even if Bj and B^ are the same as 
algebras in the original language of V.) This choice makes sure that B is a subdirect 
(9-subalgebra of the (9-product nr=i B. of the (9-algebras Bi,..., B„. Since the el¬ 
ements o® (o G (9) represent all ciB-classes of B, it follows that for every z G [n], the 
elements o®* (o G (9) represent all ttj-classes of Bj. Hence MBi(aj, (9) G Mod(A, p) 
for every z G [rz]. 

To make B[a!] into an (9-algebra in Vc>, let := o® for every o G (9. Then 
B [a] is also a subdirect (9-subalgebra of the (9-product nr=i B. of the (9-algebras 
Bi,...,B„, and B is an (9-subalgebra of B[q!]. Moreover, since every aB[a]-class 
contains an «B-class, the elements = o® (o G O) represent all aB[a]-classes of 

BM- 
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Now let US consider the R(V, 0)-modules MB(aB,C>) and MB[a](aB[a], C>)- The 
fact that B is an (9-subalgebra of B[a] implies, by Theorem 14.61 that MB(aB,(9) 
is an R(V, C>)-submodule of MB[a](aB[a], C>)- Our additional assumption that B is 
a n-irreducible subalgebra of B[a] implies that B is also fl-irreducible in the lat¬ 
tice of C>-subalgebras of B[a], hence, again by Theorem 14.61 MB(aB,C>) is a fl- 
irreducible R(V, 0)-submodule of MB[Q](aB[a], C>). Recall also that by Lemma 14781 
(applied to C = B[q!]), the R(V, (9)-modules MB[a](Q!BH 5 C>) and O) 

are naturally isomorphic. Therefore we can identify the modules MB[a](aB[a], O) and 
nr=iMB via this isomorphism, and get that MB(a;B,C>) is a fl-irreducible 

R(V, (9)-submodule of nr=i MBi(ai, O). Thus, the quotient 

n 

Q:= (j]MB,(a„(9))/MB(aB,C?) 

i=l 

is a subdirectly irreducible or trivial R(V, 0)-module (according to whether B < B[a] 
or B = B[q!]). 

Let ip\ nr=i Mb .(Q!j,(9) ^ Q be the natural homomorphism. For each z G [n], 
the mapping ipi: MBi(Q!i, (9) —)■ Q dehned by '0i(^) = • • •, 0, 2 ;, 0,..., 0) (with 2 ; 

in the z-th position) for all 2 ; G IsA-Q.^ai^O) is an R(V, (9)-module homomorphism, 
and 

n n 

^{zi,...,Zn) = '^'ipi{zi) for all (zi,..., G MB,(ai, O). 

i=\ i=l 

Thus, for every element (zi,..., Zn) of nr=i MBi(«i, C>), 

n 

(5.2) (zi,...,z„) G MB(aB,(9) if and only if y^z/;^(zi) = 0; 

i=l 

in other words, M-Q^a-Q^O) is the solution set of the equation = 0 in 

Since the R(V, C>)-module Q is subdirectly irreducible or trivial, and the R(V, O)- 
modules MBi(Q!i, (9) all belong to Mod(A, p), the dehnition of h (combined with 
Remarks 15. li fe)) makes sure that there are at most h distinct homomorphisms among 
the "^j’s (z G [rz]). Therefore our assumption n > h(e -|- 1) forces that at least e -|- 2 of 
the ipiS are equal. By permuting coordinates we may assume that for z = 1,..., e-|- 2 
the -09 are equal; hence for z = 1,..., e -|- 2 the MBi(aj, (9)’s are equal as R(V, O)- 
modules, the Bj’s are equal as (9-algebras, and the are equal. Let 


(5.3) 

0 

= 01 = • 

• = 06+2, 

(5.4) 

B 

= Bi = 

■ ■ = Be+2 

(5.5) 

a 

= 0^1 = * * 

• = Q^e+2; 
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and 

(5.6) o® := = ■ ■ ■ = for every o E O. 

From now on we will partition the coordinates of nr=i (and its subalgebras B[a], 
B, etc.) into two blocks, the hrst block consisting of the hrst e + 1 coordinates, and 
the second from coordinates e + 2,..., n. Accordingly, we will use the notation x = 
(xi,..., Xe+i) for the elements of B^ = H^i ^^^1 the notation x = {xe+ 2 , ■ ■ ■, Xn) 
for the elements of nr=e+2B. Hence, an element of nr=i B. (in particular, of B or 
B[a]) will be written as (x, x). For any tuple (x, x) E B[q!] let C>(x,x) denote the set 
of all o G such that (x, x) E 

Claim 5.3. The following hold for every element (x, x) G B[a].' 

(1) C>(x,x) 7^ 0; nnd for any o E O, 

o E 0(x,x) ^ Xi E o^^/ai for all i E [n] 

Xi E o®/a for all i E [e + 1], and 
Xi E o^^ jai for all i E [n] \ [e + 1]. 

(2) In particular, Xi =„ X 2 ■ ■ ■ =a ^^e+i ■ 

Proof of Claim \5.S\. Let (x, x) G B [a] . 

To prove (1) observe hrst that since the elements 0 ^^“^ (o G O) represent all Q!b[q]- 
classes, there is an o G C such that is in the aB[a]-class of (x,x). Hence 

o E C^(x,x), proving that C^(x,x) 7 ^ 0- For the second statement in (1), recall that 
qBH _ ^ every o E O, and that dbh is the restriction of the product 

congruence a = nr=i i'® B[a]. Thus, (x, x) G if and only if Xi E /ai 

for all i E [n]. This, together with the dehnition of C^(x,x) implies the hrst yy in the 
displayed statement. The second yy follows by fl5.4l) - fl5.6l) . 

For (2), we get from (1) that if o G C(x,x) then Xi,... ,Xe+i G o®/a. Since C)(x,x) 7^ 
0, this implies that xi,..., Xe+i are in the same «-class. o 


Claim 5.4. The following conditions on an element (x, x) G B[a] are eguivalent: 

(a) (x, x) G B; 

(b) {y,... ,y,x.) G B (with e + 1 occurrences of y) for the element y defined by 

(5.7) y = d®(d®(. . . d®(d®(Xi, Xe+l, X2), Xe+l, X3) . . . ),Xe+l,Xe). 


Proof of Claim \5.4\ Throughout the proof, we will work with a hxed (but arbitrary) 
tuple (x, x) G B[«], and y will denote the element dehned in fl5.7p . By Claim l53f lL 
C^(x,x) 7^ 0 and we have Xj G whenever o E C(x,x) and i E [n]. Consequently, 

for each o E C)(x,x) and i E [n], the C-tuple \xi'\° that has Xj in position o and 
zeros (i.e., o'^') in all other positions o' is an element of Similarly, 
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the (9-tuple [(x,x)]° that has (x,x) = {xi)i^[n] in position o and zeros (i.e., = 

(o'^\ ..., o'^")) in all other positions o' is an element of MB[a](«B[a], C>). By inspect¬ 
ing the isomorphism that we use to identify MB[a](aB[a], O) with Y\a=i O) it 

is easy to see that this identihcation yields that [(x, x)]° = 

Therefore, if (x,x) G B, then ([a:j]°)jg[„] = [(x,x)]" G M-Q{a-B,0) for all o G 
C^(x,x), so using fl5.2p we see that (a) implies the following condition: 

(a)' = 0 for all o G 0(x,x)- 


Conversely, assume that (a)' holds for (x, x). Since C>(x,x) 7 ^ 0, we can £x an o G 0(x,x) 
and use 05.21) to conclude that [(x, x)]° = {\xi'\°)i^[ri] G O). By the dehnition 

of MB(aB, C^), this implies that (x, x) G B. Thus, (a) (a)'. 

Now let us consider the element ?/ G B. By Claim 13^ 1). for every o G C^{x,x) we 
have that xi,..., Xe+i G ja, so the idempotence of d implies that y G o®/a. Since 
C^(x,x) 7^ 0, it follows that (x, x) =„ {y,, y, x). Thus, x) G B[q;] and the 

tuples (x,x) and {y,...,y,x) belong to the same ob[ a]-classes o®["l/aB[a] (o G O). 
Consequently, C>(x,x) = C>(y,,„,y,x)- 

For every o G C>(j,,...,j,,x) = the C>-tuple \y^° that has y in position o and 

zeros (i.e., o'^) in all other positions o’ is an element of Mg(a, O), and the C>-tuple 
\{y,...,y, x)] ° that has x) = (?/,..., ?/, Xe+ 2 ,..., x„) in position o and zeros 

(i.e., = (o'^\ ..., o'^"‘)) in all other positions o' is an element of MB[a](aB[a], O). 

As before, the identihcation of MB[a](aB[a], C>) with YYi^.^yi-Q.{ai,0) yields that 
\{y, ■ ■ • = ([ 2 /]°,..., \yY, r^e+ 2 l°, • • •, \xn\°)- Heuce, if we apply the equiva¬ 

lence of conditions (a) and (a)' to the tuple {y,... ,y,x) G B[q;], we obtain that (b) 
•v^ (b)' for the condition 


(b)' ESiV.(r2/r)+Er=e+2V'.(w°) 


0 for 8,11 o G ^(x,x)* 


Thus, our claim (a) (b) will follow if we prove that (a)' (b)'. 

The only difference between conditions (a)' and (b)' are in the first e+1 summands. 
Therefore we will be done if we show that 


e+1 


e+1 


(5.8) 


for every o€ 0(,[,x) = O 




i=l 


2 = 1 


So, let o G 0(x,x) = C^(i/,...,i/,x)- Then, by Claim ISTSf li and by our earlier argument 
on y, we have that xi,..., Xe+i, y G o^/a. By combining the dehnition of y in fl5.7p 
with Corollary 14.21 we get that |/ = Xi -fo X 2 -l-o • • • S-o ^^e+i holds in the abelian group 
Mg(a, o). Hence, by the dehnition of -|- in the module Mg- (5.0), 


( 5 . 9 ) 


\y\° — +ll° d- +2]° +e+ll 
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holds in Mg(a, O). So, using first fl5.3p . then the fact that -0 is a module homomor¬ 
phism Mg(a, O) —> Q, and hnally (I5.9p . we get that 

e+1 e+l e+1 

2=1 2 = 1 2=1 

Similarly, 

^M\yT) = (e + iMM°) = ?((e + i)r2/r) 

2=1 

where the last equality is true, because the dehnition of e and the fact that \y\° G 
M B(a, O) G Mod(A, p) ensure that e is a multiple of the additive order of \y\°. This 
establishes flS.Sp . and hence completes the proof of the claim. o 

Now we dehne the relations B' and D that we will use to prove Lemma 15.21 Let 

n 

:= {(y, x) G 5 X JJ Bi'. {y,..., y, x) G B}, 

2 = 6+2 

D := {(i/, x) G : fl5.7p holds and Xi =„ • • • =„ Xe+i}. 

Claim 5.5. B' has the following properties. 

(1) B has an O-subalgebra such that B' is the universe of a subdirect O- 
subalgebra B' of the O-product B x nr=e+2B. of the O-algebras B and Bj 
(e -I- 2 < i < n). 

(2) All the congruences a' := afg' G Con(B ) and ai G Con(Bj) (e -|- 2 < f < n) 
are abelian, and all but possibly a' are nontrivial. 

(3) For the product congruence a' := a’ x YYi=e+ 2 ^i + B x nr=e+2B. the ele¬ 
ments o^' (o G O) represent all a'^,-classes o/B', therefore a' restricts to B' 
as a congruence a'^, of index < i. 

Conseguently, B' satisfies all conditions in (I)-(IV), with the possible exception that 
the abelian congruence a' in the first factor might be trivial. Hence, if a' is a non¬ 
trivial congruence o/B , then B' G 7^*(A) is a compatible relation of A of *-arity 
n — e. 

Proof of Claim 15.51 Notice hrst that B' is a compatible relation of A, because 
i?' 7 ^ 0 by Claim 15.41 and B' is dehnable by a primitive positive formula using the 
compatible relations B = Bi, Bi {e + 2 < i < n), and B. Thus the dehnition 
of B' shows that B' is, in fact, the universe of a subalgebra B' of B x nL+2 B. 
Moreover, fl5.6p implies that all tuples (o®, 0 ^=+^,..., o®") (o G O) are in B', therefore 
by dehning o^' := (o®, 0 ®=+^,..., o®") for every o G (T, B' becomes an (T-subalgebra 
of B X nr=e+2B.. Claim Irn implies that B and B' have the same projections onto 
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their last n— (e + 1) coordinates, so letting denote the projection of B' onto its hrst 
coordinate, we get an O-snbalgebra B of B such that B' is a subdirect (9-subalgebra 
of the (9-product B^ x nr=e +2 (9-algebras B^ and Bj (e -|- 2 < i < n). This 

proves (1). 

Considering B as an algebra in the original language of V, we have B < B = 
< where pi < p. Furthermore, since B is isomorphic to a section of A, so is 
its subalgebra B . The other algebras Be+ 2 , • • • B„ are unchanged, therefore we get 
that conditions (I) and (III) hold for B'. 

Condition (II) for B implies that a' is an abelian congruence of B and is a 
nontrivial abelian congruence of Bj for every i {e + 2 < i < n). This proves (2) and 
that (II) holds for B' with the possible exception that a' may be trivial. 

Finally, since the elements o® = (o®,..., o®, 0 ^=+^,..., o^") (o G (9) represent all 
ciB-classes in B, the dehnition of B' implies that the elements o^' = (o®, 0 ^*"+^,..., o^") 
(o G O) represent all -classes in B'. Hence has index < |(9| = i. This proves 
(3) and that condition (IV) also hold for B'. 

Thus we have B' G 71*{A) if a' is a nontrivial congruence of B . It is clear from 
the construction of B' that its *-arity is n — e, completing the proof of Claim 15.51 o 

• -S-f-1 

Claim 5.6. D is the universe of a subalgebra D o/B 

Proof of Claim 137^ The following fact will be useful; property fl4.3p of the difference 
term d for B and its abelian congruence a is equivalent to saying that 

Di := { V, w),u, v,w) ^ B"^ : u =a v =„ tc} 

—4 

is the universe of a subalgebra of B . Hence Di is a compatible relation of A. 
Observing that all four coordinates of the tuples in Di are a-related, one can easily 
check that D is dehnable by a primitive positive formula using Di. Clearly, D ^ II). 
Therefore it follows that D is a compatible relation of A. The construction of D 
shows that D is, in fact, the universe of a subalgebra of B = o 


Claim 5.7. {Hi,..., H„, H', D} |=d B. 


Proof of Claim \5. 7| Let 


n 

^ ■= {( 2 /,x,x) G B^~^^ X JJ Hi : (?/, x) G and (y,x) G H'}. 

2 = 6+2 


Our goal is to show that 

(i) The projection map W —>■ projj„^i]y{i|(hF) that omits the hrst coordinate of 
W is one-to-one, and 
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(ii) its image is B, that is, 

(5-10) proj[„+i]\|i}(hh) = B. 

(i)-(ii) will imply the statement of Claim [3?7I for the following reason. By (ii), W 
is nonempty, and it is easy to see from the definition of W that W is dehnable 
by a qnantiher-free primitive positive formnla, nsing Bi,... ,Bn, B' and D. Hence 
{Hi,..., Bn, B', D} |=d W. By (i) and (ii), B is obtained from W by bijective projec¬ 
tion, so {W} |=d B. By the transitivity of |=d we get that (Hi,..., H„, B', D} |=d B, 
as claimed. 

To prove (i) observe that the projection map W proj[„_|_i]\{i}(hh) is one-to-one, 
becanse for every element (i/,x, x) G IT we have (i/,x) G D, and hence y is nniqnely 
determined by x, via fl5.7p . 

To prove the inclnsion 3 in (I5.10h , let (x, x) G H and dehne y E B hj (15.7p . Then 
Claim EH implies that (?/,..., i/, x) G B, so (|/,x) G B'. On the other hand, by 
Claim ES1(2) we have that Xi =„ • • • =„ a^e+i, therefore (i/,x) G D. This shows that 
(i/,x, x) G W, and hence (x, x) G proj[„ 

For the inclusion C in (15.101) . assume that (x, x) G proj[„_|_i]\{i}(lT). Then there 
exists y E B such that {y, x, x) G W. Let us £x such a y. By the dehnition of W 
it follows that (i/, x) G D and {y, x) G B'. The latter implies that {y, ... ,y,x.) E B, 
while the former implies that xi =„ ■ • • =„ Xe+i and the equality in fl5.7p holds for y. 
Since d is idempotent, we get that xi =„ • • • =„ Xe+i =« y, so (x, x) =„ {y,..., y, x). 
Since {y,... ,y,x.) E B, this shows that (x,x) G B[a]. Therefore Claim l5^ applies, 
and we obtain that (x, x.) E B. o 

Now we are ready to prove the statements (l)-(3) of Lemma [5.21 We will use the 
notation and the conclusions of Claims I5.5H5.7I There are two cases to consider. 

Case 1: a' G Con(B^) is nontrivial. 

Then we know from Claim 15.51 that B' E TZ* (A) is a compatible relation of A 

_2 

of =t:-arity n — e, so (1) holds. For (2), choose D' to be any subalgebra of B , say 
D' = B^. Since B = Bi, Claim I5T] proves that (2) also holds. Finally, (3) follows 
from Claim EZl (the choice of D' is irrelevant). 

Case 2: g Con(B^) is trivial. 

By Claim 15.51 B is an (9-subalgebra of B, therefore o® = o® for all o E O. 
Since the elements o® (o G O) represent all a-classes of B and a' = a[g' is a trivial 
congruence of B^, we get that the underlying set of B^ is b' = 0^{= O^'), and 
of = of whenever of =„ of in B ( 01,02 E O). It follows that the assignment 
o^ i-A /a is an isomorphism B B/a. Hence the map z/: B ^ B that assigns 

to every b E B the unique element o® G = B such that o® 6 is a well-defined 

homomorphism with kernel a. 
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_2 

Now let D' denote the subalgebra of B whose universe 

D' = {{x,y) e b'^ :y = v{x)] 

is the graph of z/, and let B" = proj[„_g]\|^}(B') be the image of B' under the projec¬ 
tion homomorphism onto all coordinates except the hrst. Since B = Bi, Claim 1531 
and the dehnition of D' imply that condition (2) of Lemma [5.21 holds for D and D'. 
It follows from the conclusions of Claim 15.51 that B” is a compatible relation of A 
that belongs to TZ*{A) and has =t:-arity u — e — 1. Thus, condition (1) of Lemma [5.21 
holds for B" in place of B'. It remains to establish that condition (3) of Lemma 15.21 
also holds with B" replacing B\ that is, 

(5.11) {5i,...,5„,5",D,D'} hd5. 

First we prove that 

(5.12) B' = {(y, a;e+ 2 ,..., x^) eB x B" : (xe+ 2 , y) G D'}. 

To verify the inclusion C, let {y, x) = {y, Xe+ 2 , ■ ■ ■, Xn) be an arbitrary element of B'. 
Clearly, {y, x) G S x B”, so we need to show that (xe+ 2 , y) G D', that is, y = z/(xe+ 2 )- 
By Claim 1531 B' is a subdirect (T-subalgebra of B x Be +2 x • • • x B„, and the elements 
o^' = (o®, 0 ®=+^,..., o®'") represent all Og,-classes of B'. Also, recall from fl5.4p - 
fl5.6p that at the beginning of the proof of Lemma f5.2l we arranged that Be +2 = B, 
ae +2 = and 0 ^'+^ = o® for all o & O. Therefore, for the given element (?/, x) G B', 
there exists o G such that o^' G (|/,x)/a', and so y o® = 0 ®*=+^ =q ,^^2 ^e+ 2 - 
Since a' is trivial and Be +2 = B, ae +2 = a, we get that y = =„ a;e +2 (g S). Thus, 

y = z/(a;e+ 2 ). This completes the proof of C in fl5.12p . 

For 3, assume that (|/,a:e+ 2 , • • • ,Xn) E B x B" is such that {xe+ 2 ,y) G D', that is, 
y = z^(xe+ 2 ). Since (a;e+ 2 , ■ • •, a;„) G B" = proj[„_g]\|i}(5'), there exists y' G b' 
such that {y',Xe+ 2 , ■ ■ ■ ,Xn) G B'. The inclusion C in fl5.12l) proved in the pre¬ 
ceding paragraph implies that y' = h'{xe+ 2 )- Thus y = y' and {y,Xe+ 2 , ■ ■ ■ ,Xn) = 
{y', Xe+ 2 , ■ ■ ■, Xn) G B'. This completes the proof of (15.121) . 

By (15.121) . B' is dehnable by a quantiher-free primitive positive formula, using 
B = Bi, B" and D'. Hence {Bi, B”, D'} |=d B'. It follows that 

{Hi, ...,Bn, B", D, D'] hd {5i,..., B\ D], 

Combining this with the result of Claim 15.71 and using the transitivity of |=d, we 
obtain the desired conclusion (15.lip . 

The proof of Lemma 15.21 is complete. □ 

Corollary 5.8. If some power of A with 1 < p < p has a subalgehra that is iso¬ 
morphic to a section of A with a nontrivial abelian congruence, then 7^ph(e+i)(A) |=d 
7^*(A). 
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Proof. As we noted in Remarks 15.1 If b). the assnmption that some with 1 < p < p 
has a snbalgebra isomorphic to a section of A with a nontrivial abelian congruence 
implies that h > 1 and e > 2. 

To prove the corollary we have to show that 

(5.13) 7^ph(e+l)(A) |=d5 

for every B G 7^*(A). We proceed by induction on the *-arity n of B. We will use 
the same notation for the data Bj, Oj {i e [n]) and a associated to B as in (I)~(IV). 
If n < h(e + 1), then the arity of B (as a compatible relation of A) is 
therefore B G 7?.ph(e+i)(A) and fl5.13p is trivial. So assume that n > h(e + 1). The 
algebra B is the intersection of a family X of fl-irreducible subalgebras of B[q!]. For 
every B G X we have B < B < B[a], therefore B is a subdirect product of Bi,..., B„ 
and B[a!] = B[q!]. The latter implies that the index of ag in B is the same as the 
index of db in B, because both are equal to the index of Q!b[q] in B[a]. This shows 
that for every B G X, R is a relation in 7l*[A) with *-arity n. Since fl is an |=d- 
construct, it suffices to prove fl5.13p for the case when B is a fl-irreducible subalgebra 
of B[a]. Then, by Lemma 15.21 {Bi, ..., Bn, B', D, D'] |=d B for some B' G 71*{A) 
of *-arity < n — e and some compatible relations D and D' of A that are universes 
of algebras D < B|“^^ < A^de+i) D' < B^ < A^^' for some i {i G [n]). Now 
the induction hypothesis implies that 7^ph(e+i)(A) |=d B', because n — e < n, while 
the inequalities h > 1, e > 2 from the hrst paragraph of this proof imply that 
Bi,...,Bn,D,D' G 7^ph(e+i)(A), because Pi < 2pi <Pi{e + l) < p(e + l) < ph(e-hl). 
Hence 

’^ph(e+l) (A) |=d {Bi, . . . , Bn, B', D, D'} |=d B, 
so fl5.13p follows by the transitivity of |=d. □ 

Now we are ready to prove Theorem 11.11 

Proof of Theorem 17.71 Assume that A satishes the hypotheses of Theorem 11.11 that 
is, in addition to our global assumptions in this section that A is a hnite algebra 
with a /c-parallelogram term, A also satishes the split centralizer condition. (For the 
dehnition of the split centralizer condition, see the Introduction.) Our aim is to prove 
that 

(5.14) 7^c(A) |=d7^(A). 

In addition to the notation 7^*(A) introduced before Lemma 15.21 we will write 
7?.crit(A) for the set of all critical relations of A. (Critical relations are dehned in 
Section [21 subsection |2l2.) 

First we will argue that 

(5.15) 


?^crit(A) hd ^(A). 
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Every compatible relation of A is an intersection of n-irreducible compatible relations. 
Furthermore, if a fl-irreducible compatible relation of A is not critical (i.e., not 
directly indecomposable), then up to a permutation of coordinates, it has the form 
pxA^, so it follows that p is a critical relation of A; A itself is clearly a critical relation 
of A. Therefore every compatible relation of A can be obtained from critical relations 
of A by product and intersection. Since product and intersection are |=d-constructs, 
(15.15p follows. 

Theorem 13.11 implies that 

(5.16) 7^co(A) U7^*(A) K 7^cnt(A), 

as we will show now. Let C* be a critical relation of A of arity n. It is clear that 
7Zc(j(A) U 7Z*(A) |=d C if n < Co (i.e., if C G 7^co(A)), so let us assume that n > Co¬ 
lt follows from the dehnition of Cq that n > max(3, k). Since A has a fc-parallelogram 
term and satishes the split centralizer condition, all hypotheses of Theorem 13.11 are 
satished. Hence the theorem yields the existence of a compatible relation B oi A 
such that B G 7^*(A) and 7^i+p(A) U {B} |=d C. Since 1 + p < Cq, this implies that 
TZcq^A) U7?.*(A) |=d C, and proves fl5.16p . 

If no power A^ (1 < p < p) of A has a subalgebra that is isomorphic to a section 
of A with a nontrivial abelian congruence, then TZ*{A) = 0 and Mod(A, p) = 0. As 
we saw in Remarks I5.11 bh the latter implies that h = 0 and hence c = Cq. Thus, in 
this case fl5.15p and fl5.16p combine to show that 

ilslB 

7^c(A) =7^co(A) |=d 7^cnt(A) hd 7^(A). 

Hence fl5.14p follows by the transitivity of |=d. 

In the opposite case, when some A^ (1 < p < p) has a subalgebra isomorphic to a 
section of A with a nontrivial abelian congruence. Corollary 15.81 shows that 

(5.17) 77ph(e+l) (A) |=d n*{A). 

Since c = max(co, ph(e + 1)), we have that 77co(A) U77ph(e+i)(A) C 77c(A), so fl5.15p . 
fl5.16p . and fl5.17p together imply that 

ilSTH i il5131i 

77c(A) hd n,{A)un*{A) hd 77cnt(A) hd 77(A). 

By the transitivity of hd this shows that fl5.14p holds. 

This proves (15.141) in all cases. In view of Theorem 12.41 (I5.14p is sufficient to 
conclude that A is dualizable. □ 


6. Applications 

In this section we apply the main theorem of the paper to establish dualizability 
within some well known classes of algebras. Some of these results were known before. 
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In the first part of the section we identify some conditions on a variety V which 
guarantee that every hnite member of V is dualizable. We end the section by proving 
that if A is a hnite algebra with a parallelogram term and SP(A) is a variety, then A 
is dualizable (although some of the other algebras in SP(A) need not be dualizable). 

We will often apply Theorem 1 1.1 1 to prove dualizability simultaneously for all mem¬ 
bers of a class C of hnite algebras with parallelogram terms, where C is closed under 
taking subalgebras. In such cases, to get the desired conclusion, it will be enough 
to check that for every A G C, each relevant triple {6,9,1') of A is split by a triple 
(a,/3, a) relative to SP(A). Indeed, if every A E C has this property, then for every 
A E C and B < A we have that B G C, so every relevant triple of B is split by a 
triple relative to SP(B), and therefore relative to SP(A) as well. This shows that 
every A E C satishes the split centralizer condition, which implies by Theorem 11.11 
that every A G C is dualizable. 

We will refer to some commutator identities by the number assigned to them in 
[lOl Chapter 8]: 

(Cl) [x ^y,y] = X ^[y,y], 

(C3) [x,y]=x^y. 

(C8) [1, x] = X. 

An algebra satisfying a given (Ci), i E {1,3,8}, may be called a (Ci)-algehra. It is 
known that if V is congruence modular, then the subclass of (Ci)-algebras in V is 
closed under the formation of hnite subdirect products and quotient algebras. (See 
[TOl Chapter 8].) 

We have met (Cl) before: any residually small congruence modular variety consists 
of (Cl)-algebras, and conversely any congruence modular variety generated by a hnite 
algebra whose subalgebras are all (Cl) is residually small. 

(C3)-algebras are also called neutral. From [101 Chapter 8] we know that an algebra 
is neutral if and only if it has no nontrivial abelian congruence intervals. Therefore, 
we will call an interval in a congruence lattice neutral if it has no nontrivial abelian 
subintervals. 

Lemma 6.1. Let V he a congruence modular variety in which every finite subdirectly 
irreducible algebra is either solvable or is a (C8)-algehra. If A eV is a finite algebra, 
then 

(1) A has a unigue pair (cr, p) of complementary factor congruences such that 
A = A/a X A/p, A/a is solvable and A/p is a (C8)-algehra; moreover 

(2) every congruence x on A is a product congruence relative to the factorization 
A = A/a X A/p, meaning that X = (x V a) A (y V p). 

Proof. To prove (1) recall that the classes of solvable algebras and (C8)-algebras in V 
are closed under hnite subdirect products and quotients. Therefore, if A G V is any 
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finite algebra, then it has a least congruence a such that A/a is solvable and also a 
least congruence p such that A/p is a (C8)-algebra. The congruence a is contained in 
the kernel of any homomorphism of A onto a solvable subdirectly irreducible algebra 
and the congruence p is contained in the kernel of any homomorphism of A onto a 
(C8) subdirectly irreducible algebra. Hence a A p is contained in the kernel of any 
homomorphism of A onto a subdirectly irreducible algebra, implying that a A p = 0. 

The algebra A/(a V p) is a quotient of the solvable algebra A/a and is also a 
quotient of the (C8)-algebra A/p, so it is both solvable and (C8). This forces it to 
be trivial, and therefore a V p = 1. 

Congruences a and p permute, since a is cosolvable and cosolvable congruences 
permute with all congruences by m Theorem 6.2], This completes the proof that 
{a, p) is a pair of complementary factor congruences, and the argument shows that 
A/a is solvable and A/p is (C8). 

If (a', p') were a second pair of complementary factor congruences such that A = 
A/a' X A/p'., A/a' is solvable and A/p' is a (C8)-algebra, then the solvability of 
A/a' implies that a' 3 a, and a similar argument shows that p' 3 p. But if (a, p) 
and (a', p') are pairs of complementary factor congruences where a C a' and p C p', 
then a = a' and p = p'. 

For (2) notice that the set of product congruences onA = A/axA/pis closed 
under meet, so to prove claim (2) it suffices to show that the meet irreducible con¬ 
gruences on A are product congruences. Each one has been shown to be above a or 
p, so is in fact a product congruence. □ 

Under the assumptions of Lemma [6.II a congruence y of A is central (i.e., satishes 
[1, x] = 0) if and only if the congruence x := (x V a)/a of A/a is central and x ^ P- 
This can be verihed as follows. By Lemma [6.ir 2). x is a product congruence relative 
to the factorization A = A/ax A/p, therefore it follows that x is a central congruence 
of A if and only if x := (x V a)/a is a central congruence of A/a and (x V p)/p is a 
central congruence of A/p. But A/p is a (C8)-algebra, therefore (x V p)/p is central 
if and only if it is the trivial congruence of A/p, that is, x ^ P- 

The statement in the preceding paragraph implies that if ( is the center of A, then 
C = (C V a)/a is the center of A/a and C < P- Consequently, if 0 =: Co < C =• Ci < 
C2 < ... is the ascending central series of A, then 0 = Co < C = Cl < C2 < • • • is the 
ascending central series of A/a and Ci < p for all i. 

Corollary 6.2. If A is a finite algebra in a congruence modular variety V such that 
every finite subdirectly irreducible algebra in V is either nilpotent or (C8), then in the 
factorization A = A/a x A/p in Lemma lUl] the first factor A/a is nilpotent, and a 
and p are the final congruences in the descending and ascending central series of A, 
respectively. 

Proof. By the construction in Lemma 16.11 a is the least congruence such that A/a is 
solvable, so A/a is a subdirect product of solvable subdirectly irreducible algebras in 
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V. Since every solvable subdirectly irreducible algebra in V is nilpotent, we get that 
A/cr is nilpotent, and a is the least congruence such that A/a is nilpotent. Hence a 
is the hnal congruence in the descending central series of A. 

To prove our claim on p, let 0 = Co < C = Ci < C2 < • • • be the ascending central 
series of A. As we saw earlier, this implies that 0 = Co ^ C = Ci < C2 < • • • is the 
ascending central series of A/a and Q < p for all i. Since Aja is nilpotent, Cc = 1 

for some c, so Cc V a = 1 and Cc < P- This implies that p = 1 A p = (Cc V a) A p 
(c V (a A p) = Cc V 0 = Cc- Moreover, p = Cc < Ci ^ P for every i > c, therefore p = Cc 
is the hnal congruence in the ascending central series of A. □ 

We will only use the following special case. 

Corollary 6.3. If A is a finite algebra in a congruence modular variety V such that 
every finite subdirectly irreducible algebra in V is either abelian or (C8), then in the 
factorization A = A/axA/pin Lemma, \67T\ the first factor A! a is abelian, a = [1,1] 
is the derived congruence, and p = ( is the center. 

Proof. Restricting the argument in the proof of Corollary 16.21 to the case when all 
hnite nilpotent subdirectly irreducible algebras are abelian yields that A/a is abelian 
and a is the least congruence such that A is abelian, so a = [1,1]. Moreover, the 
center of A/a is 1 = C = Ci; showing that we can use c = 1 in the argument. 
Therefore p = Ci = C is the center of A. □ 

We extend the “neutral” terminology by calling a subdirectly irreducible algebra 
A almost neutral if it is nonabelian and fails (C3) {[x,y] = x A y) in exactly one 
way: [p, p] = 0, where p is the monolith of A. Equivalently, a subdirectly irreducible 
algebra A with monolith p is almost neutral if it is nonabelian and 

(i) (0 : p) = p, and 

(ii) the congruence interval | p, 1 ] is neutral. 

Theorem 6.4. Let V be a variety with a parallelogram term. Assume that every 
finite subdirectly irreducible algebra in V is abelian, neutral or almost neutral. Then 
every finite algebra in V is dualizable. 

Proof. Any neutral or almost neutral subdirectly irreducible algebra is a (C8)-algebra, 
hence the hnite subdirectly irreducible algebras in V are abelian or (C8). From 
Corollary 16.31 we have that any hnite algebra A G V has the properties that 

(a) [1,1] and C, are complementary factor congruences, 

(b) A/[l, 1] is abelian and A/tf is a (C8)-algebra, and 

(c) every meet irreducible congruence on A lies above [1,1] or C,. 

Our task is to verify that for every relevant triple {6, 6, u) of A, where 5 is a meet 
irreducible congruence, 6 -< 6, u = [6 : 6), and 6/6 is abelian, there exists a triple 
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{a,(3,K,) which splits {6,9,1') relative to Q := SP(A). The conditions (i)-(v) that 
dehne what this means for {a, (3, k) are listed in the Introduction. 

Case 1: [1,1] < 6. 

We have [1, 6] < [1,1] < 6, proving that 1 < {6 : 6). Hence 1 = {6 : 6) = u. If we 
choose {a, [3, k) = ((^, [ 1 ,1], 0), then we have 

(i) K = 0 is a Q-congruence, 

(ii) /3 = [ 1 , 1 ] < 6, 

(iii) a A /9 = C A [1,1] = 0 = K, 

(iv) a V /9 = C V [1,1] = 1 = z/, and 

(v) [a, a] = [(,(] = 0 < K. 

Hence the conditions required for {a, (3, k) are met. 

Case 2: ( < 6. 

In this case, A/6 is a nonabelian subdirectly irreducible algebra. Since {6,9,1') is 
relevant it must be that the monolith fi = 9/6 of A/6 is abelian. A/6 must be almost 
neutral, hence 

9/6 < v/6 = (0 : /i) = p = 9/6, 

and therefore v = 9. 

In this case it is our aim to show that there is a congruence 7 covering (/ such 
that 7 ^ (5. For such a congruence we have a perspectivity |C) hi ^ 1- Iii fhis 

situation {a, (3, k) = (7 A [1,1], 6, 0) is a splitting triple for {6, 9, u), since 

(i) K = 0 is a Q-congruence, 

(ii) (3 = 6 (we need only (3 < 6 here), 

(iii) /3 A a = (5 A 7 A [1,1] = C A [1,1] = 0 = K, 

(iv) (3\/a = ( 5 V( 7 A[ 1 , 1]) = ( 5 VCV( 7 A[ 1 , 1]) 5 V( 7 A(CV[ 1 , 1])) = 5 V 7 = 9 = u, 

and 

(v) [a, a] < K. (There are perspectivities |5, 6 ^] \ |C) 7 l \ [ 0 , 0 ;] = 1 ^, 0 ;] and 
the hrst is abelian, so the last is.) 

To reiterate the conclusion just drawn, it suffices to show that A has a congruence 
7 covering ( such that 7 ^ 5 . Since 6 is also above (, we may work modulo ( 
and henceforth assume that A is a (C 8 )-algebra. In this situation, every subdirectly 
irreducible quotient of A is neutral or almost neutral. So, we will be done of we prove 
the following claim. 

Claim 6.5. If A is a finite (C8)-algebra in V, and {6,9,u) is a relevant triple of A, 
then A has an atomic congruence 7 such that 7 ^ <5. 


Proof of Claim Let 6i, i = 1,... ,n, be the set of meet irreducible congruences 
of A, and for each i let 9i be the upper cover of 5*. For each i choose V* G {6i,9i} 
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according to 


V, 


6i if A/6i is neutral; 

6i if A/6i is almost neutral. 


Equivalently, V* G {Si,6i} is chosen as small as possible so that the interval |Vi, 1] 
is neutral. 


Let V = nr=i Since each A/V* is neutral and the class of neutral algebras in 

V is closed under hnite subdirect products we get that the interval | V, 1 ] is neutral. 
A itself is not a neutral algebra, since it has a relevant triple (5, 6, v) (and therefore 
an abelian congruence interval 1(5,0]), so 0 < V. 

For each i, dehne Ai = 6i A V. If 6i = V* (> V) for some i, then Aj = V. In 
the alternative case where 0* = V*, the interval |Aj,l] contains the abelian prime 
quotient |(5j,0j], and [V, 1] contains no such prime quotient, so Aj 7 ^ V. Hence 

V ^ Si, so there is a perspectivity |(5j,0j] \ |Aj, V]. Thus, for each i, Aj = V if 
A/Si is neutral, and Aj is a lower cover of V for which the interval | Aj, V] is abelian 
if A/Si is almost neutral. 

The intersection nr=i equals nr=i ~ 0- Since the former is a meet of lower 
covers of V, and the interval |0, V] is modular, this interval is complemented. Thus, 
for every i where Aj -< V there is an atom 7 * below V such that [ 0 , 7 j] |Aj,V]. 

Choose the value of i where Si is the hrst congruence in the relevant triple {S, 0, u). 
Since 9/S is abelian, A/5j = A/5 is almost neutral. Therefore |0,7.|^|Ai,V|/' 
|5j, 0j] = 15, 0]. For this i we have found an atom A = li satisfying 7 ^ 5 . o 


This completes the proof of the theorem. 


□ 


Corollary 6.6. Let V be a variety with a parallelogram term. If every finite subdi- 
rectly irreducible algebra in V is abelian or neutral, then every finite algebra in V is 
dualizable. 


Proof. This is Theorem 16.41 restricted to the situation where V has no hnite almost 
neutral subdirectly irreducible algebras. □ 

Corollary 6.7 (See [7]). Any finite algebra with a near unanimity term is dualizable. 

Proof. A near unanimity term is a parallelogram term, and any algebra having such 
a term is neutral. Hence this corollary is a further restriction of Theorem 16.41 (In 
fact, it is exactly the restriction of Theorem 16.41 to the situation where V has no hnite 
abelian or almost neutral subdirectly irreducible algebras.) □ 

Corollary 6.8. Any finite algebra in a directly representable variety is dualizable. 

Proof. This is a corollary to Corollary 16.61 To see this, recall that (i) a hnite algebra 
in a directly representable variety has a Maltsev term (see [15], Theorem 5.11]), (ii) a 
Maltsev term is a parallelogram term, and (hi) the hnite nonabelian subdirectly 
irreducible algebras in a directly representable variety are simple, hence neutral (see 
[151 Theorem 5.11]). □ 
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Corollary 6.9 (Cf. |6]). Any finite algebra in a variety generated by a paraprimal 
algebra is dualizable. 

Proof. This follows from Corollary 16.81 and the fact that a variety generated by a 
paraprimal algebra is directly representable (see jH Theorem 1.6]). □ 

Corollary 6.10. Any finite affine algebra is dualizable. In particular, any finite 
module is dualizable. 

Proof. This is another restriction of Theorem 16.41 This time we are restricting to the 
case where all finite subdirectly irreducible algebras in V are abelian. □ 

Modules and affine algebras for which dualizability was known before include finite 
abelian groups (using the restriction of Pontryagin duality, see [21 Chapter 4]), finite 
affine spaces (see m, and finite algebras in a variety generated by a finite simple 
affine algebra (see 0). All these special cases of Corollary 16.101 are covered also 
by Corollary 16.81 However, Corollary 16.101 is not a consequence of Corollary 16.81 
because not every finite module lies in a directly representable variety. (A finite 
faithful i?-module generates a directly representable variety if and only if R is of 
finite representation type.) 

Corollary 6.11. Let K be a commutative unital ring. Let V be a residually small 
variety of K-algebras (commutative or not, unital or not). Any finite algebra in V is 
dualizable. 

Proof. It follows from Theorems 3.1 and 3.2 in [T3] that for every nonabelian subdi¬ 
rectly irreducible K-algebra S' in a residually small variety the ring reduct of S is also 
subdirectly irreducible and lies in a residually small variety. The possible structure of 
a subdirectly irreducible ring in a residually small variety is described in Section 7 of 
|14] . These results imply that every nonabelian subdirectly irreducible algebra S eV 
is either simple or else (i) has abelian monolith equal to the radical, J = rad(S'), and 
(ii) has S/ J isomorphic to a field or a product of two fields. This is enough to guar¬ 
antee that every subdirectly irreducible algebra in V is abelian, neutral or almost 
neutral. So, our statement follows from Theorem 16.41 □ 

Corollary 6.12. Any finite ring (commutative or not, unital or not) that generates 
a residually small variety is dualizable. 

Proof. This is Corollary 16.111 restricted to the case when IK = Z. □ 

The special case of Corollary 16.121 when the ring is assumed to be commutative 
and unital was proved in [5]. For a commutative ring R with unit, the condition that 
R generates a residually small variety is equivalent to the condition that its radical, 
J = rad(i?), is abelian (i.e., = 0). 

For a finite group G, the condition that G generates a residually small variety 
is equivalent to the condition that the Sylow subgroups of G are abelian. Now we 
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explain how to derive from Theorem 1 1.1 1 the result that any hnite group with abelian 
Sylow subgroups is dualizable. (This does not follow from Theorem 16.dl l 
The crucial result is the following. 

Theorem 6.13 (From [13 Chapter 2]). If G is a finite group with abelian Sylow 
subgroups and { 6 , 6 , v) is a relevant triple ofG, then there is an endomorphism e: G —)■ 
G such that 

[z/, u] < ker(e) < 6 . 

Corollary 6.14 (From [I7])- Any finite group with abelian Sylow subgroups is dual¬ 
izable. 

Proof. Let G be a hnite group with abelian Sylow subgroups. We have to show 
that every relevant triple {6,9,u) of G is split by a triple (a,/3, k) relative to Q = 
SP(G). Choose {a,l3,K) = (i^,ker(e),ker(£)) where £ is the endomorphism from 
Theorem 16.131 Then 

(i) K is a Q-congruence, since k is the kernel of an endomorphism of G. 

(ii) fi = ker(e) < 5, 

(iii) a A fi = o A ker(£) = ker(£) = k, 

(iv) a y = u y ker(£) = u, and 

(v) [a, a] = [z/, v] < ker(e) = k. 

Hence the conditions required for (a,/S, k) are met. □ 

Example 6.15. Pawel Idziak proved in m that the algebra A obtained from the six- 
element symmetric group S 3 by adjoining all six nullary operations is not a dualizable 
algebra. This is in contrast to Corollary 16.141 which establishes that S 3 without the 
additional constants is dualizable. It is worth pointing out how Idziak’s example fails 
the conditions of Theorem 11.11 The algebra A has three congruences, 0 < <5 < 1, 
where 6 is the congruence on S 3 corresponding to the alternating group. The triple 
(5, 9, u) = (5,1,1) is relevant. For Q = SP(A), the only Q-congruences on A are 0 
and 1, and 1 ^ <5, so if {a, (3, k.) is a splitting triple for (d, 9, v) then 

(i) K must equal 0. 

To establish dualizability our theorem also requires that 

(ii) (3 < 6 , 

(iii) a A (3 = K {= 0), 

(iv) ay (3 = u {= 1), and 

(v) [a, a] < K {= 0). 

But 6 is the largest abelian congruence on A, so a < 6 . This and property (ii) yield 
that a y (3 < 6 < 1, contrary to (iv). 

If we had not added the additional nullary operations, then the congruence 6 would 
be another Q-congruence and in this situation (a, /3, k.) = (1, 6 , 6 ) would be a splitting 
triple for (h, 1,1). 
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We close with a different kind of application of Theorem 11.11 

Theorem 6.16. If A is a finite algebra with a parallelogram term and SP(A) is a 
variety, then A is dualizable. 

Proof. If Q := SP(A) is a variety, then it must be residually small, hence satishes 
(Cl) (by Theorems 12.11 and I2.5p . Every congruence on every algebra in Q is a Q- 
congruence, so if (d, 9, u) is relevant, then it is split by {v, d, d), because (Cl) implies 
that [n,^] < d. □ 

Here it is worth pointing out that if V is a variety with only hnitely many subdi- 
rectly irreducible algebras, each finite and having a 1-element subalgebra, then the 
product A of all these subdirectly irreducible algebras is a finite algebra with the 
property that V = SP(A). If a variety V, like this, has a parallelogram term, then 
Theorem 16.161 combined with the main result of [S] , proves that each quasivariety 
generator for V is dualizable. 
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